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3Third-harmonic generations in toroid microcavity
Introduction

S. Fujii, et al., Opt. Lett. 42, 2010 (2017).
A. C.-Jinnai, et al., Opt. Express 24, 26322 (2016).
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Laser 
Diode

Kerr comb in microcavity system
Convert CW laser to ultrashort pulse train w/ > 800 GHz rep. rate

WGM μ-cavityCW input Pulsed output

Kerr comb generation w/ 
strong confinement of light
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Pump

Ti:Sapphire laser
based comb

large & expensive
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Required conditions for soliton formation

・ Material dispersion
・ Geometric dispersion

anomalous

normal

Nonlinear 
(Kerr) phase

Anomalous
dispersion

Soliton in a μ-cavity

Mode-lock 
≈ Soliton

≈
Δ𝑓 𝑡 ∝ െ𝑛ଶ

𝜕𝐼
𝜕𝑡

Dispersion in a small toroid

Introduction

S. Fujii, et al., Opt. Lett. 42, 2010 (2017).



Photonic Structure Group, Keio University

6

Copyright © Keio University  ｜ 6

Dispersions in toroid microcavity (r = 35 μm)

Anomalous
dispersion

Anomalous
dispersion

Anomalous
dispersion

Introduction
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7 Design the dispersion
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Introduction

Y. Nakagawa, et al., J. Opt. Soc. Amer. B 33, 1913 (2016).
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8Fabrication of CaF2 WGM cavity w/ cutting

S. Azami, et al. Procedica CIRP 13, 225 (2014).

20.00m

20m

Brittle modeDuctile mode

Transition region

(100) Cutting direction [011]

Y. Mizumoto, et al., Procedia Eng. 19, 264 (2011).

Ductile mode Brittle mode

Transition region

Cutting direction

Critical depth
of cut

 CaF2 can be smoothly cut 
in ductile mode cutting

Precise machining process Computer controlled lathe cutting

𝑸 ൌ 𝟑.𝟎 ൈ 𝟏𝟎
𝑅୰୫ୱ ൌ 3 nm

Y. Nakagawa, et al., J. Opt. Soc. Amer. B 33, 1913 (2016).

Introduction

Preliminarily
(2018/Nov.)
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9Kerr comb in microcavity system

Silica toroid microcavity

Silica rod microcavity

> 800 GHz

10～160GHz

Introduction

Top

Pump

R. Suzuki, et al., J. Opt. Soc. Amer. B 35, 933 (2018). (Editor’s pick)
S. Fujii, et al., J. Opt. Soc. Amer. B 35, 100 (2018). (Editor’s pick)
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CW pump
Pulse output

Soliton

Coupling is low w/ a bright pulse
X. Xue et al., Nat.  Photon. 10 (2015)

Nonlinear 
(Kerr) phase

Normal
dispersion≈

Dark pulse
Kerr comb

Efficiency and the use of dark pulse (normal dispersion)

Δ𝑓 𝑡 ∝ െ𝑛ଶ
𝜕𝐼
𝜕𝑡

Introduction



Photonic Structure Group, Keio University

11Kerr combs with mode coupling

CW/CCW mode coupling TE/TM mode couplingTwo modes coupling

Dark pulse generation 
at normal dispersion

Effect of inherent 
coupling

TE

TM

Dual comb generation

Outline

S. Fujii, et al. Opt. Express 25, 28969 (2017).S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018). R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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12Kerr combs with mode coupling

CW/CCW mode coupling TE/TM mode couplingTwo modes coupling

Dark pulse generation 
at normal dispersion

Effect of inherent 
coupling

TE

TM

Dual comb generation

Mode coupling for dark pulse comb generation

S. Fujii, et al. Opt. Express 25, 28969 (2017).S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018). R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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13Dispersion in a cavity (spectrum domain picture)

Resonance frequencies (µ is mode number)

Pump

…

Always need anomalous dispersion to have
modulation instability gain

Mode coupling for dark pulse comb generation

S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018).
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Nonlinear Coupled Mode Equations for Kerr Comb Generation in 
Coupled Microcavity System   

Mode coupling is the key

Mode coupling for dark pulse comb generation

S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018).
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 3-FSR comb & dark pulse formation No comb formation

w/o mode coupling 𝜅 = 0 (rad GHz) w/ mode coupling 𝜅 = 3.34 (rad GHz)

Dark pulse generation w/ mode coupling

μ=-3

w/o w/ 

Mode coupling for dark pulse comb generation

S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018).
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𝛥ୟୱ ൌ 𝜔ఓ െ 𝜔 െ 𝜔 െ 𝜔ିఓ
𝛥ୟୱ > Anomalous dispersion
𝛥ୟୱ < Normal dispersion

Mode coupling and MI gain
Mode coupling for dark pulse comb generation

S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018).

Mode coupling Phase matching (MI gain)
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Summary

Perfect agreement w/ experiments performed by:
A. Weiner (Purdue Univ.) X. Xue, et al. Nat. Photonics 9, 594 (2015),  Laser Photon. Rev. 9, L23 (2015).

Mode coupling for dark pulse comb generation

Deterministic FSR generation
S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018).

Δ𝜔 2𝜋⁄ ൌ 5.5 (GHz) Δ𝜔 2𝜋⁄ ൌ 17 (GHz) Δ𝜔 2𝜋⁄ ൌ 36 (GHz)

Δ𝜔 2𝜋⁄ ൌ 50 (GHz) Δ𝜔 2𝜋⁄ ൌ 64 (GHz) Δ𝜔 2𝜋⁄ ൌ 76 (GHz)
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Direct transition to ML Observation of noisy state (in normal dispersion)

 Why do we observe noisy state in normal 
dispersion system?

 Normal dispersion system was supposed 
to reach directly in a mode-locked regime

Questions & discussions raised
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Noisy state is present when generating 1-FSR comb

Mode coupling for dark pulse comb generation

Observation of noisy state
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 Offset frequency is at the blue shaded region:
- 1-FSR comb generates. 
- Agrees with the observation by [Y. Liu, Optica 1 137 (2014)]

 Offset frequency is a the red shaded region:
- strong oscillation is observed
- Agrees with the observation by [M. Karpov, Nat. Commun., 9, 

1146 (2018)]

We found that deterministic FSR generation in a normal 
dispersion system is not always possible even when 
using coupled cavities.

Phase matching condition

Copyright © Keio University  ｜ 19

Oscillation behavior

Mode coupling for dark pulse comb generation

Deterministic FSR generation is not always possible
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20Kerr combs with mode coupling

CW/CCW mode coupling TE/TM mode couplingTwo modes coupling

Dark pulse generation 
at normal dispersion

Effect of inherent 
coupling

TE

TM

Dual comb generation

CW/CCW mode coupling: effect of inherent coupling

S. Fujii, et al. Opt. Express 25, 28969 (2017).S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018). R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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CW-CCW comb measurement

Experimental setup

Results

CW

CCW

Optical 
circulator

500 mW (1548 nm)

CW direction
Triangular envelope
Phase‐locked ?

CCW direction
Envelope is not smooth

CW/CCW mode coupling: effect of inherent coupling

S. Fujii, et al. Opt. Express 25, 28969 (2017).
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Effect of CW/CCW coupling (experimental)

CW

in good agreement

CW/CCW mode coupling: effect of inherent coupling

S. Fujii, et al. Opt. Express 25, 28969 (2017).
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23Effect of CW/CCW coupling (numerical)

𝜕𝐴 𝜙, 𝑡
𝜕𝑡 ൌ െ

𝛾
2  𝑖𝛿 𝐴  𝑖

𝐷ଶ
2
𝜕ଶ𝐴
𝜕𝜙ଶ  𝑖𝑔 𝐴 ଶ  2 𝐵 ଶ 𝐴  𝑖

𝜅ఓ
2 𝐵  𝛾ୣ୶୲𝑆୧୬

𝜕𝐵 𝜙ᇱ, 𝑡
𝜕𝑡 ൌ െ

𝛾
2  𝑖𝛿 𝐵  𝑖

𝐷ଶ
2
𝜕ଶ𝐵
𝜕𝜙ᇱଶ

 𝑖𝑔 𝐵 ଶ  2 𝐴 ଶ 𝐵  𝑖
𝜅ఓ
2 𝐴

weak coupling

strong coupling

Effect of coupling is present
but, usually it is negligible

Model

Soliton formation w/ different coupling

CW/CCW mode coupling: effect of inherent coupling

S. Fujii, et al. Opt. Express 25, 28969 (2017).
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24Kerr combs with mode coupling

CW/CCW mode coupling TE/TM mode couplingTwo modes coupling

Dark pulse generation 
at normal dispersion

Effect of inherent 
coupling

TE

TM

Dual comb generation

TE/TM mode coupling: for dual comb generation

S. Fujii, et al. Opt. Express 25, 28969 (2017).S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018). R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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Dual-comb applications

SpectroscopyLiDAR CARS

Dual-comb applications: scan rate ⇔ difference of repetition frequencies 

Science 354, 600-603 (2016)Science 359, 887-891 (2018) Nature 502, 355-358 (2013)

Microcombs have a potential to achieve fast scan rate due to high repetition frequencies

CW/CCW directions TE/TM modes Transverse modes

○ ○

😞 Complex control of pump frequencies 
☺ Large repetition rate difference

☺ Simple control of pump frequencies
😞 Small repetition rate difference

Microresonator

Pump Pump

Microresonator

Pump
Pump

TE/TM mode coupling: for dual comb generation
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TE/TM mode coupling (numerical model)

𝜕𝑏
𝜕𝑡 ൌ െ

𝜅 

2 𝑏  𝑖Δ𝜔  𝑏  𝑖
𝐷ଶ 

2
𝜕ଶ𝑏
𝜕𝜙ଶ  𝑖𝑔ሺሻ 𝑏 ଶ  σ 𝑎 ଶ 𝑏  𝜅ୡ  𝑠୧୬  െ

Δ𝐷ଵ
2

𝜕𝑏
𝜕𝜙

𝜕𝑎
𝜕𝑡 ൌ െ

𝜅 

2 𝑎  𝑖Δ𝜔  𝑎  𝑖
𝐷ଶሺሻ

2
𝜕ଶ𝑎
𝜕𝜙ଶ  𝑖𝑔ሺሻ 𝑎 ଶ  σ 𝑏 ଶ 𝑎  𝜅ୡ  𝑠୧୬  

Δ𝐷ଵ
2

𝜕𝑎
𝜕𝜙

Coupled Lugiato-Lefever equations (LLEs)

Dimensionless coupled LLEs
𝜕𝑢
𝜕𝜏 ൌ െ 1  𝑖𝛼 ௨ 𝑢  𝑖𝛽ሺ௨ሻ

𝜕ଶ𝑢
𝜕𝜙ଶ  𝑖 𝑢 ଶ  σ 𝑣 ଶ 𝑢  𝐹 ௨  𝛾

𝜕𝑢
𝜕𝜙

𝜕𝑣
𝜕𝜏 ൌ െ 1  𝑖𝛼 ௩ 𝑣  𝑖𝛽ሺ௩ሻ

𝜕ଶ𝑣
𝜕𝜙ଶ  𝑖 𝑣 ଶ  σ 𝑢 ଶ 𝑣  𝐹 ௩ െ 𝛾

𝜕𝑣
𝜕𝜙

𝜏 ൌ ଵ
ଶ
𝜅𝑡, 𝑢 ൌ ଶ


𝑎, 𝑣 ൌ ଶ


𝑏, 𝛼ሺ∗ሻ ൌ െ ଶఠబሺ∗ሻ


, 𝛽ሺ∗ሻ ൌ

మሺ∗ሻ


, 𝛾 ൌ భ


, 𝐹ሺ∗ሻ ൌ
ଶ


ଶౙሺ∗ሻ


𝑠୧୬ሺ∗ሻ

(Assuming 𝜅 ൌ 𝜅ሺሻ ൌ 𝜅ሺሻ, 𝑔 ൌ 𝑔ሺሻ ൌ 𝑔ሺሻ)

(loss) (detuning) (dispersion) (Kerr effects) (input) (repetition difference)

𝑡: time, 𝜙: angular coordinate, 𝑎, 𝑏: internal fields, 𝜅: resonator loss, Δ𝜔: pump detuning, 𝐷ଶ: second order dispersion,
𝑔: nonlinear coefficient, 𝜎: XPM coefficient (𝜎 = 2/3 for orthogonally polarizations), 𝜅ୡ: coupling rate, 𝑠୧୬: input field,
Δ𝐷ଵ: FSR (repetition frequency) difference

Relations, α: detuning, β: second order dispersion, γ: repetition difference, F: input

TE/TM mode coupling: for dual comb generation

R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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Soliton trapping with dimensionless coupled LLEs

𝛽ሺ∗ሻ ൌ 0.01, 𝛾 ൌ 0.3,𝐹ሺ∗ሻ ൌ 4
𝛼 is scanned

𝜕𝑢
𝜕𝜏 ൌ െ 1  𝑖𝛼 ௨ 𝑢  𝑖𝛽ሺ௨ሻ

𝜕ଶ𝑢
𝜕𝜙ଶ  𝑖 𝑢 ଶ  σ 𝑣 ଶ 𝑢  𝐹 ௨  𝛾

𝜕𝑢
𝜕𝜙

𝜕𝑣
𝜕𝜏 ൌ െ 1  𝑖𝛼 ௩ 𝑣  𝑖𝛽ሺ௩ሻ

𝜕ଶ𝑣
𝜕𝜙ଶ  𝑖 𝑣 ଶ  σ 𝑢 ଶ 𝑣  𝐹 ௩ െ 𝛾

𝜕𝑣
𝜕𝜙

Spectrum

Waveform

Intracavity
power

α: detuning, β: second order dispersion, γ: repetition difference, F: input

Moving at different speeds:
Micorocombs propagate
at different group velocities

TE/TM mode coupling: for dual comb generation

R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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Soliton trapping with dimensionless coupled LLEs

𝛽ሺ∗ሻ ൌ 0.01, 𝛾 ൌ 0.3,𝐹ሺ∗ሻ ൌ 4
𝛼 is scanned

𝜕𝑢
𝜕𝜏 ൌ െ 1  𝑖𝛼 ௨ 𝑢  𝑖𝛽ሺ௨ሻ

𝜕ଶ𝑢
𝜕𝜙ଶ  𝑖 𝑢 ଶ  σ 𝑣 ଶ 𝑢  𝐹 ௨  𝛾

𝜕𝑢
𝜕𝜙

𝜕𝑣
𝜕𝜏 ൌ െ 1  𝑖𝛼 ௩ 𝑣  𝑖𝛽ሺ௩ሻ

𝜕ଶ𝑣
𝜕𝜙ଶ  𝑖 𝑣 ଶ  σ 𝑢 ଶ 𝑣  𝐹 ௩ െ 𝛾

𝜕𝑣
𝜕𝜙

Spectrum

Waveform

Intracavity
power

α: detuning, β: second order dispersion, γ: repetition difference, F: input

Moving at different speeds:
Micorocombs propagate
at different group velocities

TE/TM mode coupling: for dual comb generation

R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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Soliton build-up

α: detuning, β: second order dispersion, γ: repetition difference, F: input, δ = γ(2β)-0.5

Waveforms

TE/TM mode coupling: for dual comb generation

vu

R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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Trapping conditions as functions of F and δ

Relations α: detuning, β: second order dispersion, γ: repetition difference, F: input, δ = γ(2β)-0.5

Trapping conditions 
(as functions of F (input) and δ (rep. difference))

TE/TM mode coupling: for dual comb generation

R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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Summary

CW/CCW mode coupling TE/TM mode couplingTwo modes coupling

Dark pulse generation 
at normal dispersion

Effect of inherent 
coupling

TE

TM

Dual comb generation

Summary

S. Fujii, et al. Opt. Express 25, 28969 (2017).S. Fujii, et al. IEEE Phot. J., 10, 4501511 (2018). R. Suzuki, et al. IEEE Phot. J. 11, 6100511 (2019).
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