








Abstract

Since the development of laser technology, light-matter interactions, and rele-
vant applications have been intensively studied. In particular, the optical mi-
croresonator is known to be a device that enables the ultimate enhancement of
optical density by confining light with a small mode volume, resulting in the
appearance of various optical nonlinearities. Recently, a microresonator-based
optical frequency comb, which is known as a microcomb, has been attracting a
lot of attention.

One requirement for the development of a microcomb is dispersion engi-
neering. Specifically, dispersion plays a vital role as regards the phase-matching
condition for optical parametric oscillation. Proper control of microresonator
dispersion has the potential to allow the expansion of the microcomb bandwidth
and the mode-locking operation.

This thesis describes a study of the dispersion engineering of high-Q optical
microresonators, which influences optical frequency comb generation, featuring
monolithic whispering gallery mode microresonators. This study demonstrates
the expansion of the microcomb bandwidth based on sophisticated dispersion
engineering, which became possible by employing high-Q microresonators fab-
ricated with precision machining.

Chapter 1 provides the background and objective of this thesis.
Chapter 2 introduces the fundamental theory of third-order nonlinearity, fab-

rication, and the pros and cons of different high-Q microresonators from the
perspective of microcomb formation.

Chapter 3 explains basic theory, calculation, and measurement with regard
to the dispersion of a microresonator for a frequency comb. In particular, it
highlights the relationship between a microcomb and higher-order dispersion,
and reveals the dispersion geometry design strategy.

Chapter 4 discusses the ultraprecision machining fabrication of dispersion-
engineered optical microresonators with a Q exceeding 108. Moreover, an octave-
wide optical parametric oscillation was demonstrated in a machined magnesium
fluoride resonator.

Chapter 5 describes a blue light emission realized via cascade four-wave mix-
ing and third-harmonic generation in dispersion-engineered on-chip silica mi-
croresonators. This chapter also reveals that precise dispersion engineering can
be used to generate visible light deterministically.

Chapter 6 describes the numerical modeling of the anti-mode crossing-induced
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microcomb generation. It is shown that this model is particularly powerful for
simulating mode-locked pulse formation in a normal-dispersion regime in a rig-
orous way.

Chapter 7 summarizes the thesis and describes the future outlook.
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Chapter 1

Introduction and motivation

1.1 Introduction to optical microresonators

A laser named as an acronym for "light amplification by stimulated emission of
radiation" is one of the greatest inventions in human history. In 1960, the first
laser was demonstrated by Theodore H. Maiman [1] based on the theoretical
studies by Charles H. Townes and Arthur L. Schawlow [2]. Compared to the
conventional light source, such as a lamp and light bulb, the emitted light from
lasers shows spatial and temporal coherent properties, making it possible to pro-
vide various applications. In 2020, lasers have become an essential technology
for our lives and celebrate its 60th anniversary.

A resonator, sometimes called a cavity, is the main element that composes the
laser, based on a cylinder with two highly refractive mirrors to confine light. This
type is the most conventional resonator known as a Fabry-Pérot resonator, and
it serves as a feedback system that light goes through a gain medium for several
times. The light trapped in the resonator travels back and forth between two
reflectors, as being amplified through the round trip. This mechanism is known
as stimulated emission, which creates coherent new photons as the photons of
incident waves. In general, one mirror is partially transparent to let output from
the resonator escape. In addition to Fabry-Pérot, a spherical shape is also an
attractive candidate for optical resonators. The light travels along the resonator’s
circumference, whereas it is technically difficult to form such types of resonators
with mirrors. Alternatively, dielectric materials offer a fascinating way to confine
the light into tiny space by utilizing the difference of refractive indices. In these
types of resonators, there is no limit for the direction of laser emission. Moreover,
it is possible to reduce the size of the resonator by using droplets, polymers, and
glasses to micro-meter scale [3]. This light guiding structure is the original idea
of microresonators mainly discussed in this thesis.

Whispering gallery mode (WGM) resonators confine light by total internal
reflection where the refractive index of the resonator materials is higher than
that of surrounding materials. WGM is originated from the sound waves in the
whispering gallery of St Paul’s Cathedral in London. In the case of WGM, the
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light must be kept on a circular trajectory along the resonator’s circumference.
The light guided on the resonator is inherently lossy due to material absorp-
tion, scattering, radiation, etc. Therefore, utilizing low loss optical materials
is straightforward to fabricate high quality (Q) factor WGM microresonators.
Another approach for achieving ultrahigh-Q is to reduce the surface roughness.
The first demonstration of ultrahigh-Q WGM microresonator was reported in
1989 [4] by melting the tip of silica optical fiber using laser annealing, which
forms spherical shape resonator exhibiting small roughness thanks to the sur-
face tension of melted silica. There is a wide variety of material candidates for
WGM microresonators including fused silica [4–6], fluoride materials [7], poly-
mer [8], sapphire [9], silicon [10], and lithium niobate [11]. Besides the choice
of materials, various kinds of resonator shapes have been proposed [12], such as
microtoroids [5], microdisks [13], microrods [14,15], and microbubbles [16].

In contrast to WGM microresonators, waveguide resonators have a different
structure to confine the propagated light. The core region, which is a rectan-
gular shape typically, is surrounded by cladding material, guiding the light as
a waveguide mode. The waveguide resonator is no longer necessarily a circu-
lar trajectory because of its tight confinement by surrounding structure from all
sides [12]. Waveguide resonators are commonly-used platforms since they have
a small footprint and can be fabricated by CMOS-compatible processes, which
enables the achievement of precise structure control and integration of external
waveguides on the same chip. The variety of waveguide resonators include sili-
con (Si) [17], silicon nitride (Si3N4) [18], high-index doped silica (Hydex) [19],
aluminium nitride (AlN) [20], aluminium gallium arsenide (AlGaAs) [21], and
diamond [22].

The applications of optical microresonators cover numerous fields including
signal processing [23], high-precision sensing [24], cavity quantum electrody-
namics (QED) [25, 26], cavity optomechanics [27] and frequency comb gen-
eration [28]. Even though there are several potential applications, this thesis
focuses the light on the microresonator-based frequency comb.

1.2 Introduction to microresonator frequency comb

An optical frequency comb has a set of equidistantly spaced optical frequency
lines, which looks like a comb in the frequency domain, and the mutually coher-
ent comb lines correspond to ultrashort optical pulses in the time domain [29–
31]. The evolution of the optical frequency comb has drastically developed
the research fields of ultrafast lasers and have created novel ideas and appli-
cations [32]. In 2005, the Nobel Prize in physics was awarded to two scien-
tists, Theodor W. Hänsch and John L. Hall, for the contribution to the develop-
ment of optical frequency comb technique [33]. The optical frequency comb
simultaneously links several frequency scales; optical frequencies (�sub-PHz),
comb bandwidth (�THz), repetition rate (�GHz), and carrier offset frequency
(�MHz). Therefore, an optical frequency comb provides a frequency ruler cov-
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ering from radio-frequency (RF) to optical frequency domain, which strongly
impacts on optical frequency metrology. Absolute frequency measurement is
one example. Before the development of optical frequency comb, measuring the
optical frequency required a complex frequency chain system and many profes-
sional scientists. Nevertheless, the present systematic frequency comb technique
enabled the obtainment of the frequency information in a few seconds on a small
table.

The microresonator based frequency comb has been explored by T. Kippen-
berg et al. in 2007 for the first time [34]. A strongly enhanced optical field
inside a high-Q optical microresonator enables the conversion of a CW laser
pump to the broadband and equally spaced comb via cascaded four-wave mixing
(FWM) [28,35–38]. The critical difference from the conventional laser is that a
passive microresonator device generates new frequencies as a result of nonlinear
frequency conversion thanks to Kerr nonlinearity. Since the mode spacing of fre-
quency comb is scaled down with the cavity size, microresonator frequency comb
has readily achieved the large mode spacing exceeding several tens to hundreds
of GHz, which has been an unexplored domain for the conventional frequency
comb sources. Besides, the tiny mode volume of microresonator, which some-
times can be integrated on a chip, also contributed to reducing the required
pump power to generate a frequency comb. Microresonator frequency combs
rely on Kerr nonlinearity of dielectric microresonator material, and therefore,
they are called Kerr frequency comb or microcomb [39].

However, as opposed to the conventional mode-locked lasers, the output of
microcomb in the time domain does not necessarily guarantee optical pulse for-
mation. In order to achieve a mode-locked state in a continuously driven non-
linear resonator, it is needed to satisfy several conditions governed by a mean
field model describing a dissipative system [40]. The first observation of tem-
poral soliton in optical microresonators, which is called a dissipative Kerr soli-
ton (DKS), has been reported in 2013 [41]. This discovery made it possible
to explore a high-coherence, stable soliton microcomb, as a result of the bal-
ance between parametric gain and loss and between dispersion and nonlinear-
ity [40]. By now, DKSs have been successively demonstrated in a wide variety
of microresonators, ranging from silica [42], MgF2 crystalline [41], silicon ni-
tride [43, 44], silicon [45], aluminum nitride [46], and lithium niobate [47].
Different platforms have different advantages (e.g., high Q-factor, nonlinearity,
chip-integration), and many groups are developing and proposing new materials
and structures for microresonators.

1.3 Research overview related to the thesis

Ultra-precision machining of crystalline microresonators

The development of ultra-high quality factor (Q) optical microresonators en-
abled us to explore a universe of optics. In particular, crystalline microresonators
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offer potential applications such as laser stabilization, quantum manipulation,
and optical frequency comb owing to extremely long photon storage time. In-
deed, several applications rely on the ultrahigh-Q up to 109 and corresponding
to a resonance linewidth of hundreds of kilohertz. The fundamental limit of the
Q-factor in crystalline resonators is �1013 [48] (Q > 1011 as observed in the
experiment [49]), and this value surpasses that of resonators made with other
materials (e.g., silica, silicon, etc.). Especially, magnesium fluoride (MgF2) and
calcium fluoride (CaF2) are Kerr nonlinear materials that are commonly used
for fabricating crystalline microresonators thanks to their quality, commercial
availability, and optical properties. Very recently, lithium niobate (LiNbO3) and
lithium tantalate (LiTaO3) crystals exhibiting the second-order nonlinearity are
attracting interest with respect to the variety of optical properties (e.g., Pockels
effect, piezoelectric effect, etc.).

A polishing and machining process is usually employed to fabricate the crys-
talline microresonators, which are particularly non-integrated and bulk resonators.
They are accomplished either with a motion-controlled machine or manually.
A hard diamond tool enables us to fabricate WGM structures initially, but it
is needed to employ subsequent manual polishing with diamond slurry to im-
prove the Q-factor of the microresonator. Precision machining readily overcomes
the geometrical limitation of the manual process; therefore, precise computer-
controlled machining has achieved the pre-designed, sophisticated mode struc-
tures, for example, single-mode [50,51] and dispersion engineered resonators to
generate broadband microresonator frequency combs [52–54]. However, a sig-
nificant challenge remains because it is essential to employ additional hand pol-
ishing after the diamond turning process due to the relatively low Q of 106�107

at best when using machining alone [50,52,53,55]. This value is not usually suf-
ficient to generate a Kerr frequency comb in which the threshold power follows
the scaling factor � V=Q2 [56]. Indeed, the additional polishing improves the Q;
nevertheless, a subsequent polishing deforms the precisely fabricated structures
in spite of the engineered dispersion realized by the programmed motion of the
lathe [50]. Then, a strong motivation of this study is to fabricate ultrahigh-Q
crystalline microresonators with only precision machining.

Although an automated ultra-precision machining technique is highly com-
patible with dispersion engineering, the achievement of ultrahigh-Q factor has
been the bottleneck encountered with conventional fabrication techniques. There-
fore, the reliable production of high-Q crystalline microresonators by using pre-
cision machining is highly required so far. Such a technique also supports recent
advances in the integration of crystalline microresonators with photonic waveg-
uides towards a wide range of future applications [57–60].
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Large frequency shift optical parametric oscillation and clus-
tered comb

As an independent study on the fabrication of high-Q microresonators, phase-
matched FWM in optical microresonators driven by a continuous wave (CW)
laser has been attracting interests. Not only in regard to a microresonator fre-
quency comb in an anomalous dispersion regime, but also comb generation in
a weak normal dispersion regime is proceeding recently. Since normal disper-
sion usually does not allow modulation instability (MI) near the pump, phase-
matched FWM is generally considered to occur only in an anomalous disper-
sion system. In the case of fiber optics, nevertheless, a unique phase-matching
scheme assisted by higher-order dispersions has been employed to achieve the
resonant MI process even in the normal dispersion regime [61]. It is namely
that higher-order dispersion, particularly even orders of dispersion, enables the
phase-matching process far from the pump mode, and moreover, the large fre-
quency shift oscillation frequencies can be widely tunable depending on pump
frequency. Since it is necessary to pump near the zero-dispersion wavelength,
standard silica fibers [61, 62] and photonic crystal fibers [63] have been em-
ployed as the platform.

Recent studies have demonstrated the large frequency shift optical paramet-
ric generation and subsequent comb generation via a FWM process in an optical
microresonator system including MgF2 [64–66], silica (SiO2) [67], aluminum
nitride (AlN) [68], and silicon nitride (Si3N4) [69] ring resonators. The micro-
comb, characterized by FWM generation with large shift parametric sidebands,
is called Kerr clustered combs since the pump and primary sidebands form comb
clusters around them. Such clustered combs have the potential to utilize a mi-
croresonator comb source covering the visible to mid-infrared wavelength region
when only tuning a single CW laser frequency to pump the resonances. More-
over, the oscillation wavelength is also highly tunable, relying on the microres-
onator dispersion; and thus, this study is compatible with the technique of cavity
geometric dispersion engineering. For both cases of a pure parametric oscilla-
tion with a pair of signal and idler light and a clustered comb, the oscillation
wavelengths are essential and interesting subjects for investigation with regard
to dispersion engineering in optical microresonators. A bandwidth expansion
of the frequency shift via the phase-matched FWM process is one of the recent
hot topics in the field of microresonator dispersion engineering, so many stud-
ies have been reported using various platforms and wavelength bands. Despite
a number of experimental demonstration, the dispersion engineering, from the
standpoint of precise fabrication, has not been well explored yet. In particular,
the precise fabrication of whispering gallery mode resonators (e.g., crystalline-
based and fused silica-based) is a critical issue regarding dispersion engineering
of higher-order dispersion.

15



CHAPTER 1. INTRODUCTION AND MOTIVATION

Visible light emission via second and third-harmonic genera-
tion

Optical microresonators have attracted considerable interest as compact plat-
forms in the field of nonlinear harmonic generation for obtaining visible light
from infrared light. There have been many studies on harmonic frequency con-
version by using optical microresonators since such frequency-mixing processes
via second- and third-order optical nonlinearities occur efficiently in microres-
onators as a result of large optical field enhancement owing to a high-Q and a
small mode volume. In particular, the second-harmonic process [i.e., second-
harmonic generation (SHG), and sum-frequency generation (SFG)] and third-
harmonic process [i.e., third-harmonic generation (THG), and third-order sum-
frequency generation (TSFG)] enable a direct frequency up-conversion to the
visible wavelength regime from the near-infrared wavelength regime.

The first demonstration of continuous wave (CW) third-harmonic emission
in an optical microresonator was reported in 2007 by using a silica toroid WGM
microresonator [70]. The work by T. Carmon et al. triggered many studies on
the visible light emission via frequency up-conversion in optical microresonators
for the past decades. Not only a harmonic generation from a pump light but also
multi-color emission via TSFG has been demonstrated in a silica microresonator
[71], and comb-like spectrum generation at visible wavelengths has been re-
ported using waveguide resonators [72–74]. Since microcomb generation is usu-
ally inhibited due to strong material dispersion at the visible wavelength regime,
these frequency up-conversion processes have been expected to realize a visible
microcomb with near-infrared pumping.

In addition, interactions between several nonlinear processes are attracting a
lot of attention. For example, a silica microtoroid easily emits multi-color visible
light (e.g., blue, green, yellow, and red) with a high pump power. However,
third-harmonic generation permits only green light (517 nm) with 1550 nm
pumping. These are mysterious and interesting observations, and they provide
the motivation to discover what is occurring inside the resonator.

Normal dispersion Kerr frequency comb and dark pulse forma-
tion

A study on normal dispersion microresonator frequency combs began following
intensive research on Kerr comb generation with anomalous dispersion. This is
because the nonlinear propagation, particularly in single-mode optical fibers,
usually exhibits modulation instability (MI) only with anomalous dispersion.
This limitation can be unleashed by using a cavity system; however, most micro-
comb studies have been conducted using microresonators exhibiting anomalous
dispersion since the phase-matching condition for optical parametric oscillation
is easy to satisfy in this regime. Still, there have been several demonstrations of
Kerr comb generation in the normal dispersion regime, and they offer practical
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advantages over anomalous dispersion microcombs. One of them is a conver-
sion efficiency, which is known as a weakness of the microcomb. In contrast to
a bright soliton pulse in anomalous dispersion, a mode-locked state in normal
dispersion (i.e., a dark pulse) makes it possible to realize a much higher con-
version efficiency than 30% in the infrared wavelength regime [75]. Also, it
admits more deterministic approaches to mode-locking state [76]. Notably, its
better power efficiency and low noise figure are highly attractive for a specific
application such as a light source of coherent optical telecommunications.

Thus far, reliable approaches to obtaining normal dispersion microcombs are
as follows: engineering the geometric dispersion to overcome strong material
dispersion, utilizing the anti-mode crossing effect to induce a local anomalous
dispersion, and the use of both techniques. Notably, the utilization of avoided
mode crossing is more attractive with a view to the controllability of a mode
spacing of the comb. Subsequently, many works have focused on revealing the
underlying physics of Kerr frequency comb generation in the normal dispersion
regime [76–78]. These works paved the way for normal dispersion microcomb to
extend the spectral bandwidth and to realize stably propagating pulse operation.
However, the complex dynamics of normal dispersion microcombs has not been
well understood, including the development of numerical modeling and analysis.

1.4 Thesis outline and objective

This thesis investigates the dispersion engineering of high-Q optical microres-
onators for optical frequency comb generation. Dispersion engineering, based
on the design and fabrication of microresonators, is a crucial technique for ob-
taining a mode-locked state, namely a dissipative Kerr soliton, and for expanding
the bandwidth of microresonator frequency combs. The thesis addresses this is-
sue with a view to designing the geometry of microresonators. Since the goal
of this thesis is to study dispersion engineering and its application to microres-
onator frequency combs, the fundamental theory, techniques and strategy are
introduced in Chapter 2 and Chapter 3. The developed simulation method and
dispersion measurement techniques described in Chapter 3 are used to design
and evaluate microresonator dispersion. Then, the role of dispersion in micro-
comb generation is briefly described. The author uses precision machining for
crystalline microresonator fabrication since it is a powerful tool for dispersion
engineering. Chapter 4 mainly describes fabrication using precision machining
with the goal of realizing dispersion-engineered microcomb applications. Ultra-
precision machining has a great advantage as regards geometry controllability
because it is a fully computer-controlled system. However, a low Q-factor im-
posed by large surface roughness is a critical limitation in relation to nonlinear
optics applications. To overcome this problem, the author confronts the opti-
mization of the fabrication conditions to make it possible to manage both a high
Q and geometry dispersion engineering. As a result, parametric oscillation is
demonstrated in a machine-made crystalline resonator in which the dispersion
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is evaluated with the techniques described in Chapter 3. The phase-matching
scheme described in Chapter 4 can be applied to silica-based resonators. Here,
the author highlights phenomena in a silica microtoroid resonator that have been
observed but not explained. The emission of various colors, in particular blue
light, is explained well by dispersion engineering and the coexistence of third-
order nonlinear effects. This study provides a deep insight into cascaded para-
metric oscillation in optical microresonators. Although “geometry” dispersion
engineering is the main concern of this thesis, another dispersion engineering
method is also dealt with in Chapter 6, namely anti-mode-crossing induced mi-
crocomb generation. The use of mode coupling eases the difficulty of geometry
dispersion engineering, particularly in a strong normal dispersion regime, and
this approach paves the way to deterministic mode-locking operation. Rigorous
modeling and a more practical simulation are the objectives of this chapter. The
chapter overviews are as follows,

Chapter2
High-Q optical microresonators have been developed along with an evolution
of microresonator frequency combs. Dynamics and underlying physics of mi-
crocombs have been revealed owing to great efforts over the years, which also
contributed to induce the big wave in the field of nonlinear optics as well as
nanophotonics. Chapter 2 introduces the study on optical microresonator based
frequency comb generation while reviewing the background, theory, simula-
tions, fabrication, and experiments with essential previous literature.

Chapter 3
Dispersion engineering is one of the essential techniques for microcomb genera-
tion. Chapter 3 describes how to simulate and design the microresonator disper-
sion precisely, featuring whispering gallery mode microresonators that exhibit a
significant difference in the strategy of resonator geometry design from waveg-
uide resonators. Besides, the precise dispersion measurement methods will be
introduced with the comparative experiment. A role of dispersion, particularly
of higher-order dispersion, in the Kerr frequency comb spectrum, is highlighted
in this chapter.

Chapter 4
Chapter 4 presents ultrahigh-Q crystalline microresonator fabrication for the first
time by the all-precision machining process. A cutting condition has been thor-
oughly addressed by considering crystal anisotropy, resulting in Q exceeding 100
million with a machining process solely. This work makes a major breakthrough
for dispersion engineering due to the fabrication accuracy and freedom of geom-
etry design, both of which are the critical drawbacks of the conventional fabri-
cation method. This chapter also describes the other significant demonstration,
namely an octave-wide optical parametric oscillation in crystalline microres-
onators. With a continuous-wave pump, oscillation frequencies were widely
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tuned, and subsequent comb clusters around 1.1 µm and 2.4 µm wavelengths
were also observed for the first time in this work.

Chapter 5
Third-harmonic generation can be observed in optical microresonators, even
though the process is independent of four-wave mixing. However, mutual inter-
action among other � (3)-nonlinearity processes allows the bandwidth extension
of the optical spectrum. This chapter reports a continuous blue light emission
via third-harmonic generation, for the first time, upon a dispersion engineered
optical parametric generation. A chain of � (3) process enables generating broad-
band optical spectrum covering visible to near-infrared wavelengths in a chip-
integrated microresonator with only a continuous-wave pump.

Chapter 6
Dispersion engineering is a key technique for microresonator frequency comb
generation including but not limited to geometric tailoring, a variety of resonator
material, and a fusion of them. A mode coupling induced resonance shift makes
it possible to create anomalous dispersion in a specific region, which becomes
a starting point of four-wave mixing. This method enables a normal dispersion
mode-locked comb generation, namely dark-pulse generation, deterministically.
This chapter proposes a rigorous model of Kerr comb generation in mode coupled
microresonators, and numerically investigates the behavior with the analysis of
phase-matching condition from the standpoint of dispersion engineering.

Chapter 7
This chapter summarizes the thesis and gives an outlook with a view to plotting
a new landscape for the microresonator frequency comb.
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Chapter 2

Microresonator based optical
frequency comb

2.1 Fundamentals of optical microresonators

2.1.1 Basic characteristics of microresonators

Resonance frequencies

Optical microresonators have equidistantly spaced resonance frequencies deter-
mined by:

!m =
2�mc
neff L

(2.1)

�m =
neff L

m
(2.2)

where m is the mode number (m 2 N), !m is the angular frequency of the m-
th mode (�m is the wavelength), neff is the effective index, L is the roundtrip
length of the resonator, and c is the speed of light. Here, the roundtrip time
tR is expressed as the inverse of the free-spectral range (FSR) of the resonator
tR = 1=FSR. Figure 2.1 shows schematics of optical microresonators with a
roundtrip length L and corresponding optical resonances. It should be noted
that the FSR is the frequency-dependent value due to the material and geometric
dispersion of the medium.

Microresonator dispersion

The dispersion of the microresonator is determined by both contributions of the
material dispersion and geometric dispersion. Material dispersion expresses the
dependence of the refractive index on frequency, and geometric dispersion in-
cludes the effect of the resonator structure. Total microresonator dispersion ap-
pears as the deviation of resonance frequencies from equidistance and results
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in frequency-dependent mode spacings. The resonance frequencies of arbitrary
mode !� can be expressed with a relative mode number � (� 2 Z) as,

!� = !0 + D1� + D2�2 + D3�3 + � � � . (2.3)

The equidistant frequency grid (FSR) at the center frequency !0 corresponds to
D1=2�, and D2 describes the deviation of FSR in terms of the center frequency.
Also, D2 and D3 correspond to the second- and third-order dispersion, respec-
tively. Dispersion has a critical influence on the frequency comb generation,
particularly its bandwidth, and phase-matching condition. The further details of
microresonator dispersion will be introduced in Chapter 3.

Quality factor and decay rate

Quality factor is an important parameter to characterize the property of the res-
onator. The intensity of light stored in the resonator shows an exponential decay,
passing through a medium mainly due to material absorption and scattering loss.
Here, an attenuation coefficient � of the electric filed amplitude with respect to
1-roundtrip in the resonator is introduced:

� = exp(��r � L) (2.4)

where �r is the attenuation per unit of length, and the attenuation per unit of
time is described as �t = c�r . Cavity lifetime �p is defined as the time at which
the electric field amplitude decays to 1=

p
e of the original amplitude (electric

field intensity decays to 1=e (� 37%) with respect to the original intensity) as
follows,

�p =
1

2�t
=

1
2c�r

. (2.5)

ν

FSR

γ/2π
L/2π

L/2

(a) (b) (c)
FSR

Fig. 2.1: (a) Ring-type optical microresonator with a round-trip length L. (b)
Fabry-Pérot resonator with a round-trip length of 2L, consisting of two
reflective mirrors. (c) Resonant spectrum characterized by an equidis-
tant free-spectral range (FSR) and full-width of half-maximum (FWHM)
linewidth.
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Thus, the decay of electric field amplitude at an arbitrary time is described as,

� = exp

�
� t

2�p

�
. (2.6)

Quality factor is well related to the above discussion in terms of decay time of the
optical field, and can be evaluated by the relation between the stored energy Ecav

and dissipated energy per oscillation cycle Ediss, which corresponds to dissipated
power Pdiss = �Ediss (� is the frequency):

Q = 2�
Ecav

Ediss
= 2��

Ecav

Pdiss
= !�p =

!



. (2.7)

The optical resonance has a certain linewidth given by the cavity decay rate 
.
The decay rate corresponds to the full-width of half-maximum (FWHM) of the
linewidth in frequency domain, and relates to the cavity lifetime as 
 = ��1

p . Be-
sides, the linewidth is also given by �� = (c=2��2)
 in the unit of wavelength.
The resonance linewidth can be directly obtained from the resonator transmis-
sion spectrum in the experiment, and the cavity lifetime is also a measurable
parameter in time domain measurements.

Table. 2.1: Comparison of basic characteristics of different microresonators.

Q-factor 
=2� �� lifetime �p

1 � 106 193.4 MHz 1.55 pm 0.823 ns

2 � 106 96.71 MHz 0.775 pm 1.646 ns

5 � 106 38.68 MHz 0.310 pm 4.114 ns

1 � 107 19.34 MHz 0.155 pm 8.23 ns

2 � 107 9.671 MHz 77.5 nm 16.46 ns

5 � 107 3.868 MHz 31.0 nm 41.14 ns

1 � 108 1.934 MHz 15.5 nm 82.3 ns

2 � 108 967.1 kHz 7.75 nm 164.6 ns

5 � 108 386.8 kHz 3.10 nm 411.4 ns

Effective mode area

The effective mode area is derived from the mode profile of the intensity orthog-
onal to the propagation direction:

Aeff =
(
R jEj2dA)2R jEj4dA

, (2.8)

where jEj2 is light intensity (jEj is the magnitude of the electric field) and A
is defined as the integral area. The effective mode volume is given by Veff =
Aeff L. The effective mode volume is related to the threshold power for nonlinear
frequency conversion.
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2.1.2 Theory of optical coupling to microresonator

Coupled mode equation

sin sout

γint

γext
waveguide

mode field

intrinsic decay rate

coupling rate

A0(t)

Fig. 2.2: Waveguide-microresonator optical coupling system via evanescent field.
A0(t) is the intracavity optical field, sin and sin denote the input and out-
put fields, respectively. 
int and 
ext are the intrinsic decay rate and cou-
pling rate, respectively.

A coupled mode equation describes an optical coupling between a resonator
and an external coupler through an evanescent field as shown in Fig. 2.2. When
adopting slowly varying envelope approximation, the time evolution of a light
field at the resonance frequency !0, Ã0(t), can be written as [79,80]

dÃ0(t)
d t

= �


2
Ã0(t) � j!0Ã0(t) +

p

extsin(t) exp (� j!p t), (2.9)

where sin is the driving field and !p is the pump frequency. The decay rate 
 is
given by the sum of the intrinsic decay rate 
int and the coupling rate 
ext to the
waveguide. It should be noted that the field amplitude Ã0(t) is normalized to
the number of intracavity photon at the resonance as jÃ0(t)j2. Here, Eq. (2.9)
can be rewritten by adopting the phase transformation A0(t) = Ã0(t) exp ( j!p t)
as follows,

dA0(t)
d t

= �
�


2
+ j(!0 � !p)

�
A0(t) +

p

extsin(t). (2.10)

Assuming the steady state (dA0(t)=d t = 0), the field amplitude is expressed as,

A0 =
p


ext


=2 + j(!0 � !p)
sin, (2.11)

hence, the number of photons stored inside the resonator is given with the pho-
ton flux in the waveguide js2

inj:
jA0j2 =


ext


2=4 + (!0 � !p)2
jsinj2. (2.12)
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The relation between the driving field and the transmission field is described as

sout = �sin +
p


extA0 (2.13)

and the transmittance defined as t = sout=sin and T = jsout=sinj2 yield

t =
sout

sin
=

(
ext � 
int)=2 � j(!0 � !p)

(
ext + 
int)=2 + j(!0 � !p)
, (2.14)

T =

����sout

sin

����2

=
(
ext � 
int)2=4 + (!0 � !p)2

(
ext + 
int)2=4 + (!0 � !p)2
. (2.15)

From the view of energy conservation, the difference between the output pho-
tons jsoutj2 and the input photons yields the dissipated photons inside the res-
onator as,

jsoutj2 = jsinj2 � 
intjA0j2 =

�
1 � 
int
ext


2=4 + (!0 � !p)2

�
jsinj2 (2.16)

=
(
ext � 
int)2=4 + (!0 � !p)2

(
ext + 
int)2=4 + (!0 � !p)2
jsinj2,

which is consistent with Eq. (2.15). When zero detuning (!0 � !p = 0) is as-
sumed, the maximum dip of transmission T0 is expressed as,

T0 =
�

Qint � Qext

Qext + Qint

�2

. (2.17)

Here, T0 = 0, which means the full extinction of transmittance, occurs under the
critical coupling condition Qint = Qext (
int = 
ext), and then the loaded Q be-
comes half of the intrinsic and coupling Q (the decay rate 
 becomes twice the
intrinsic decay rate 
int and coupling rate 
ext). The optical coupling condition is
classified into three conditions: under coupling Qint < Qext (
int > 
ext), over cou-
pling Qint > Qext (
int < 
ext), and critical coupling described above. The coupling
ratio is defined as � = 
ext=
, namely � = 0.5 for critical coupling condition. In
general, the coupling ratio can be controlled by changing the gap between the
resonator and the waveguide. Figure 2.3 shows the minimum transmission for
different coupling rates and the corresponding normalized transmission.

Furthermore, T0 can be rewritten in terms of Q-factor,

T0 =

����1 � 2
Qtot

Qint

����2

, (2.18)

Qint =
2

1 � p
T0

Qtot, (2.19)

where the sign expresses under coupling (plus) and over coupling (minus), re-
spectively. It should be noted that Qtot is given by QintQext=(Qint + Qext). These
relations give the intrinsic and coupling Q from the result of the measurement
of the transmission spectrum.
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Fig. 2.3: Minimum transmission T0 for different 
ext=
int. 
ext=
int = 1 corre-
sponds to critical coupling condition, and 
int > 
ext (
int < 
ext) are
under (over) coupling condition. Insets show normalized transmission
for each coupling condition.

Circulating power and Finesse

The photon number translates into the intracavity circulating power by multi-
plying the photon energy ~h!p and devision by the roundtrip time tR:

Pcav = ~h!pjA0j2=tR =

ext


2=4 + (!0 � !p)2
� Pin

tR
, (2.20)

where ~h is Dirac’s constant, and the input power Pin = ~h!pjsinj2. The finesse F
is defined as the ratio between the mode spacing (FSR) and linewidth, and the
circulating power Pcav under the case of zero detuning and critical coupling is
described as

F =
FSR


=2�
, (2.21)

Pcav =
F
�

Pin, (2.22)

which corresponds to the enhancement factor in terms of intracavity power.

2.1.3 Scheme for coupling to microresoantor

In contrast to the case of a Fabry-Pérot resonator, which has a partially transmit-
ting mirror for output, an evanescent field is used in order to couple the light into
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the microresonators. There are several methods for achieving efficient coupling,
such as prism coupling, angle cleaved (pigtailed) fiber coupling, side polished
fiber coupling, waveguide coupling, and tapered fiber coupling. In particular,
prism and tapered fiber coupling are widely employed to couple the light into
WGM microresonators due to their low-loss nature and high-coupling efficiency.
In the case of waveguide resonators, an integrated waveguide in the same chip
is used as a coupler. Here, these three methods are reviewed.

Tapered optical fiber coupling

One of the significant advantages of the tapered fiber coupling is a low propa-
gation loss [81–83]. Figure 2.4 shows schematics and the setup of tapered fiber
coupling. The tapered fiber is fabricated by heating and stretching a standard
optical fiber with a diameter of �125 µm. Since this process is adiabatically
operated above the melting point of silica, the additional loss is suppressed after
the fabrication. For stretching the fiber, there are several types of heaters, such
as propane/oxygen gas, hydrogen gas, and a ceramic microheater. Typically,
the conventional single-mode fiber (SMF-28) clamped by fiber brackets is pro-
longed during the heating by moving two translation stages, and the cladding
and core (slightly higher refractive index) region become one material whose
refractive index is much larger than that of the surrounding air. After starting
the taper stretching, the cladding modes are excited, resulting in oscillations in
the transmission signal. The oscillation stops when the tapered fiber becomes
single-mode again, and it indicates the end of the fabrication for a single-mode
tapered fiber. The loss of the tapered fiber is less than one percent if the param-
eters, such as stretching speed, the temperature of the heater, and the alignment
of the fiber, are appropriately optimized. The single-mode condition for an op-
tical fiber is given by

Vfiber =
��fiber

q
n2

i � n2
o

�
< 2.405, (2.23)

where �fiber is the diameter of the fiber, � is wavelength, and ni, no are the
refractive indice of core and cladding material, respectively. From the relation,
�fiber equals 1.15 µm with ni = 1.44, no = 1.0, and � = 1.55 µm under the
single mode condition.

Another advantage of a tapered fiber is the tunability of the propagation
constant and coupling strength. The former is controlled by the diameter of the
tapered region by optimizing tapering conditions or changing the fiber position
of coupling to the resonator. The latter corresponds to changing the gap between
the tapered fiber and the resonator. The careful tuning of the coupling condition
enables high ideality of light coupling (i.e., critical coupling) [80].
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Fig. 2.4: (a) Schematic of tapered optical fiber coupling system. (b) Setup for
tapered fiber fabrication. (c) Transmission for tapered fiber fabrication
while translation stages are pulling heated optical fiber. (d) Experimental
tapered fiber coupling system. Coupling strength is determined by a gap
between a tapered fiber and a microresonator.

Prism coupling

Prism coupling has been initially proposed for the light coupling to a silica mi-
crosphere [84]. The incident light from the slope face of a prism undergoes
total internal reflection on the coupling face, and couples into a resonator via
an evanescent field as presented in Fig. 2.5. The transmission goes again to free
space through the prism. AN objective lens or gradient-index (GRIN) lens is usu-
ally used to focus the spot on the coupling point. The angle of the incident beam
must be satisfied with the condition of total internal reflection, and it critically
affects the coupling efficiency [85]. The advantages of prism coupling are the
robustness and the compatibility of high refractive index resonator material. It is
clear that bulky optical elements ensure the robustness of the system, although
careful free space alignment of the beam is necessary. There are several choices
of prism materials, including BK7 [84], SF11 [86], diamond [87], silicon [88],
rutile [89], and sapphire [90], for the case of couping with high refractive in-
dex resonators, which have the difficulty of coupling even with a silica optical
tapered fiber. The coupling efficiency reaches as high as 80% by optimizing the
alignment, whereas operating in the strongly overcoupled regime is not easily
achieved.
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Prism
(a) (b)

Fig. 2.5: (a) Schematic of prism coupling system. The incident light is coupled
into the resonator via an evanescent field. (b) Setup for prism coupling
using a GRIN lens as a beam focuser. Output beam can be detected with
either a free space photodetector or a fiber collimator.

Waveguide coupling

Waveguide coupling is a way to couple the light into waveguide resonators (e.g.,
silicon nitride microring) that are fully integrated. Figure 2.6 shows a schematic
and micrograph of waveguide coupling. This scheme maintains a stable coupling
condition, which can be prepared in the fabrication step by designing the waveg-
uide dimension (e.g., straight bus and pulley-style) and the gap between the
waveguide and resonator such that the resonator structure is designed [57,91].
On the other hand, there is less tunability of coupling strength after the fabrica-
tion because it is not possible to change the gap in the same manner as a tapered
fiber and prism coupling.

Recent studies have demonstrated highly efficient coupling between a WGM
microresonator and waveguide coupler [57–60]. Even though the integration
of WGM resonators to a photonic chip is a challenge because of the significant
difference of refractive index, the manipulation of photonic waveguides allows
for efficient coupling to a wide range of microresonators, including crystalline
and fused silica materials.

(a) (b)

Fig. 2.6: (a) Schematic of a waveguide coupling system. The incident light is in-
jected into the waveguide by using a lensed fiber or a focusing lens. (b)
Micrograph of a waveguide integrated silicon nitride microresonator. The
bus waveguide and the microring are highlighted in red.
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2.1.4 Quality factor measurement

Measurement of quality factor is one of the most fundamental experiments to
evaluate a microresonator. The optical resonances are detected by measuring
the transmittance through the coupler using a photodetector, and the linewidth
corresponds to the quality factor of the resonance mode (frequency domain mea-
surement). However, particularly in the case of ultrahigh-Q, the observed trans-
mittance directly reflects a cavity lifetime, namely time-domain measurement.
The commonly used experimental setup is presented in Fig. 2.7. Here, two mea-
surement methods and the results are introduced.

Tunable ECDL Microresonator

Fiber MZIFunc�on 
generator

Polariza�on
controller Photodetector

Oscilloscope

Fig. 2.7: Experimental setup for Q-factor measurement. A fiber Mach-Zehnder in-
terferometer (MZI) is used to calibrate the frequency axis of a recorded
spectrum. ECDL, external cavity diode laser.

Frequency domain measurement

The resonance mode typically shows a Lorentzian shape as a function of the
frequency in a transmission spectrum [Fig. 2.8(a)]. Therefore, it is a useful way
to record the transmission while the laser frequency is scanned using a frequency
tunable laser, and theoretical Lorentz fitting gives the linewidth of a particular
resonance. Then, the frequency (wavelength) axis should be correctly calibrated
since the axis works as a ruler for the recorded spectrum. There are several ways
to make the frequency axis; however, it is simple to use the output signal of a
tunable laser, which gives reliable information about frequency. Such a function
is often available in a commercial laser system (e.g., Santec TSL series laser, New
focus Velocity series laser). Otherwise, the interference signal from the Mach-
Zehnder interferometer (MZI) and a phase-modulator would be useful choices
with respect to simplicity and accuracy.

Time domain measurement

The quality factor can be measured in the time domain by monitoring the trans-
mission from the resonator. When the laser frequency is scanned quickly across
the resonance, the scanning laser and the output from the resonator interfere
with each other due to their long photon time. This phenomenon induces an
oscillation signal of the transmitted light that decays exponentially. Another
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approach is to use a squared modulation signal as input instead of continuous-
wave light. By applying the square modulation, the squared pulse kicks the input
out at the end of the pulse. Afterward, the stored light flows out from the res-
onator, exhibiting exponential decay as the previous case. The fitted exponential
function gives the cavity lifetime, as shown in Fig. 2.8(b). Since a long photon
lifetime is a key to obtaining a clear signal, these measurements are compatible
with ultrahigh-Q resonators (Q � 108).
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Fig. 2.8: (a) Q-factor measurement in the frequency domain. The blue dots and
the solid red line represent the experimental and the fit, respectively. The
frequency axis is calibrated by using a fiber MZI spectrum (green) with
an FSR of 20 MHz. The FWHM of the transmission spectrum 
=2� yields
a Q of 7.4�107. (b) Measurement result in the time domain, called cavity
ring-down method. The fitted curve (red line) represents the cavity decay
rate, yielding ultrahigh-Q of 2.2 � 109.

2.1.5 Fabrication of microresonators used in this work

Silica toroid microresonators

A fused silica toroid microresonator (microtoroid) works as one of the platforms
in this thesis. A silica microtoroid has the major advantages of small mode
volume and high Q-factor, which reduces the threshold power for nonlinear
frequency conversion, and moreover, it is possible to integrate onto a silicon
chip [5]. Figure 2.9(a) shows the fabrication steps for the microtoroids. The
main process can be classified into the following four steps: 1. Photolithography
with an oxidized silicon wafer, 2. Hydrofluoric acid (HF) wet etching, 3. Xenon
difluoride (XeF2) dry etching, 4. Carbon dioxide (CO2) laser reflow.

First, an oxidized silicon wafer with a thickness of the oxidized layer on the
order of a few micrometers is prepared. The thickness of the oxidized silica layer
is related to the final size of the resonator because it influences the flow of heat
radiation in the laser reflow process. The next step is the UV-photolithography
process, which forms a circular resist pattern with a desired diameter on the
substrate, and HF etching is subsequently applied to the sample in order to re-
move unnecessary silica layer except for the protected pattern with circular re-
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sist. A XeF2 dry etching is performed to undercut disk structure thanks to the
high etch selectivity of silicon compared to silica, namely 1000:1. After this pro-
cess, a disk structure supported by a silicon post can be formed on a silicon wafer.
The formed silica disk can be already used as a microresonator (i.e., microdisk),
whereas the final process of CO2 laser reflow melts and shrinks the outer edge of
the silica disk. As a result, a microtoroid resonator with a donut-shaped toroidal
structure can be formed, and it exhibits a high-Q due to its smooth surface. The
degradation of Q occurs mainly due to OH� bonds within the SiO2. In order to
circumvent the OH� bonding, laser reflow under a nitrogen environment is a
way to achieve ultrahigh-Q up to 109, which corresponds to the absorption limit
of fused silica. Figures 2.9(b) and 2.9(c) show SEM images of a silica microdisk
and a microtoroid, respectively*a.

2. HF etching 3. XeF2 etching 4. CO2 laser reflow1. Photolithography

30 µm 50 µm

(a)

(b) (c)

Si SiO2 Resist

Fig. 2.9: (a) Fabrication process of a silica toroid microresonator. (b) Scanning
electron microscope (SEM) image showing a microdisk resonator. The
thickness of the silica disk is 8 µm. (c) SEM image of a silica microtoroid
fabricated from a silicon wafer with an oxidized SiO2 thickness of 2 µm.
A CO2 laser reflow forms the toroidal cross-sectional shape by melting
the outer edge of the SiO2 disk.

Crystalline fluoride microresonators

Crystalline fluoride microresonators have been developed as an attractive plat-
form, exhibiting an exceptionally high Q value compared with other resonator

*aThe silica microresonators in Fig. 2.9 were fabricated by R. Imamura.
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materials (e.g., silica, silicon, etc.). The limit of Q-factor in crystalline microres-
onators is exceptionally high, up to �1013, which is imposed by material ab-
sorption [48], and moreover, they have a broad transparent window in the visi-
ble to mid-infrared wavelength region, which expands the available bandwidth
for several applications. On the other hand, these crystalline resonators are of
millimeter-scale dimension, and hence generally incompatible with chip inte-
gration. Crystalline fluoride materials, including magnesium fluoride (MgF2)
and calcium fluoride (CaF2) are major candidates for fabricating WGM microres-
onators due to their crystal quality and commercial availability.

The crystalline microresonators are usually fabricated by abrasive polishing
after creating the resonator form with a diamond paper or diamond turning. A
hard diamond tool enables us to fabricate WGM structures, and a gradual man-
ual, sometimes mechanical, polishing process with diamond slurry greatly im-
proves the Q-factor of the microresonators. An alternative method is computer-
controlled precise machining. Such precision lathes readily overcome the geo-
metrical limitation of handicraft, and they have substantial advantages with re-
spect to designing the resonator structure. However, there remains a significant
challenge so far because it is difficult to achieve high-Q by diamond turning solely
due to the large surface roughness on the scale of a few micron. Figures 2.10
presents hand-polished and a precision-machined MgF2 crystalline resonators*b.

Chapter 4 reports a novel approach of diamond turning and crystalline mi-
croresonator fabrication with a Q exceeding 108 by all-precision-machining pro-
cess.

100 µm

(b)(a)

Fig. 2.10: (a) Magnesium fluoride (MgF2) crystalline microresonator fabricated
by a manual polishing process. A diameter of the resonator is approxi-
mately 2.8 mm. (b) A precision machined (MgF2) crystalline microres-
onator. A resonator diameter is approximately 500 µm.

*bThe hand-polished MgF2 resonator was diligently fabricated by K. Wada; the precision-
machined MgF2 resonator was fabricated in collaboration with Kakinuma group (Keio Univer-
sity).
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