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Abstract

Since the invention of the laser, mode-locked lasers, in particular, have played a critical role

as foundational technology in generating ultrashort pulses of light and have paved the way

for numerous applications. However, conventional mode-locked lasers require large-scale

optical setups, presenting challenges in miniaturization and enhanced integration stability.

On the other hand, microresonators, by confining light within a microscale region, signifi-

cantly enhance light-matter interactions, enabling various phenomena, including nonlinear

optical effects. Optical frequency combs (microcombs) and soliton microcombs generated

using microresonators have emerged as highly promising research fields with academic and

industrial significance. Nevertheless, state-of-the-art microcomb generation primarily relies

on injecting a pump laser into a microresonator and obtaining gain through four-wave mixing,

which demands highly precise wavelength control and often leaves residual pump light in

the output. To overcome these challenges, it is crucial to achieve passive mode-locking in

a self-oscillating laser by integrating both gain and nonlinear loss media into the microres-

onator. This thesis explores the design and fabrication of high-Q microresonators as a key

step toward developing integrated passive mode-locked lasers.

In Chapter 1, the fundamental concepts of mode-locked lasers, previous research, and the

objectives of this study are outlined to provide the background for this thesis.

Chapter 2 focuses on the principles of microresonators, the core devices of this study, as

well as the basic theory and previous research on related nonlinear optical effects.

Chapter 3 describes the fabrication process and performance evaluation of high-Q mi-

croresonators. Specific attention is given to methods for doping erbium ions as the gain

medium and incorporating carbon nanotubes or graphene as nonlinear loss materials.

Chapter 4 presents the design of integrated mode-locked lasers based on numerical

analysis. Two approaches are discussed: single-resonator models and coupled-resonator

models. In the single-resonator model, passive mode-locking is achieved by adding a

saturable absorber and maintaining a Q higher than 108. Meanwhile, in the coupled-resonator

model, passive mode-locking is similarly achieved without a saturable absorber, provided the

microresonator maintains a Q of 108.
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Chapter 5 concludes the thesis by summarizing the findings and discussing prospects.

This study demonstrates the potential of integrated passive mode-locked lasers based on

microresonators, providing clear design guidelines and fabrication processes for achieving

passive mode-locking.
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Chapter 1

Introduction and Motivation

1.1 Introduction to ultrashort pulse lasers

Ultrashort pulse lasers are a specialized class of lasers capable of producing light pulses

with durations in the picosecond (10−12 s) to femtosecond (10−15 s) range [1]. These lasers

have transformed how we explore and interact with the physical world, offering unparalleled

precision in time and intensity. Unlike continuous-wave lasers, ultrashort pulsed lasers

concentrate their energy into brief intervals, generating incredibly high peak powers even

when the average power remains modest. This unique property allows them to access

nonlinear optical effects that are otherwise unattainable, making them essential in various

scientific, industrial, and medical applications. Their unique characteristics have made them

indispensable tools in multiple applications, from basic research to industrial and medical

fields.

The foundation of ultrashort pulse generation lies in mode-locking, which synchronizes

the phases of multiple longitudinal modes in a laser cavity. In a typical laser, these modes

oscillate independently, producing continuous-wave emission. However, constructive inter-

ference occurs regularly when their phases are locked, forming pulses. Mode-locking can be

achieved actively, using external modulators to periodically modulate intracavity parameters

or passively through saturable absorbers that preferentially transmit high-intensity light and

suppress lower intensities.

1.1.1 Principle of mode-locking

Mode-locking is a fundamental mechanism that enables the generation of ultrashort pulses

by synchronizing the phases of multiple longitudinal modes that oscillate independently
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(Fig. 1.1). Mode-locking aligns their phases, resulting in constructive interference at regular

intervals and the formation of periodic pulses.

Mathematically, the electric field E(t) of a mode-locked laser can be expressed as the

superposition of N longitudinal modes:

E(t) =
N

∑
n=1

Anei(2π fn+φn) (1.1)

where An, fn, and φn represent the amplitude, frequency, and phase of the n-th mode,

respectively, mode-locking ensures that all φn are aligned, leading to sharp pulses separated

by the cavity round-trip time. This process is essential for generating ultrashort pulses with

high peak powers.

Fig. 1.1 A schematic illustration of mode-locking mechanism. The phases of multiple

longitudinal modes that oscillate independently synchronize. The time duration of short

pulses is periodic, given by the cavity round-trip time TR = 2L/vg, where L is the laser cavity

length and vg is the group velocity.

Two primary methods are used to achieve mode-locking: active mode-locking and passive

mode-locking. Each method relies on different physical principles but shares the common

goal of inducing phase coherence among the cavity modes.
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1.1.2 Mode-locking platforms

Ordinary system

In mode-locked pulses from lasers, a schematically illustrated setup with a gain medium

and a loss medium inside a laser cavity is shown in Figure 1.2. There are two types of

mode-locking: active and passive.

Active mode-locking employs external modulation of the intracavity parameters, such

as phase or loss, to enforce periodic pulse formation. This is typically achieved using

acousto-optic modulators (AOM) [2] or electro-optic modulators (EOM) [3], driven at

frequencies synchronized to the cavity round-trip time (1.3(a)). Active mode-locking offers

precise control of modulators and is often used in systems where external synchronization is

necessary. Hence, it requires additional electronic components, increasing system complexity.

In contrast, passive mode-locking relies on intracavity nonlinear effects to enhance pulse

formation. Saturable absorbers (SAs), which preferentially transmit high-intensity light and

absorb low-intensity light, are a common mechanism for achieving passive mode-locked

lasers (1.3(b)). SAs can be broadly categorized into artificial and natural types. An example

of an artificial SA is Kerr lens mode-locking, which exploits intensity-dependent focusing

within the gain medium to achieve pulse formation. On the other hand, natural SAs include

materials such as carbon nanotubes (CNTs) and two-dimensional materials like graphene,

which exhibit inherent saturable absorption properties. Passive mode-locking typically results

in shorter pulses and simpler designs, but it may require careful cavity optimization to ensure

stability.

Fig. 1.2 A schematic illustration of mode-locking.
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Fig. 1.3 (a) In active mode-locking, an external signal modulates optical losses through

mechanisms such as the acousto-optic or electro-optic effect. This external modulation

induces a sinusoidal variation in loss, with a period matching the cavity round-trip time. At a

steady state, the saturated gain allows net amplification only near the minimum loss points,

thereby confining the supported pulses to durations significantly shorter than the cavity

round-trip time. (b) In passive mode-locking, a saturable absorber provides self-amplitude

modulation by introducing intensity-dependent losses. Low-intensity light experiences higher

losses, while high-intensity pulses saturate the absorber, reducing losses at the pulse peak.

This creates a loss modulation with fast saturation during the pulse and slower recovery,

depending on the SA’s absorption mechanism.

α

α

Fig. 1.4 Nonlinear absorption curve of a saturable absorber, plotted as normalized absorption

versus pump peak intensity. The key parameters for a saturable absorber are saturation

intensity Isat, modulation depth α0, and non-saturable loss αns. The calculation parameters

are based on values reported in previous studies.
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Solid state laser

Solid-state lasers, which use a solid gain medium doped with active ions such as titanium,

neodymium, or ytterbium, are among the most versatile platforms for achieving mode-

locking. As a historically significant example, Ti: sapphire lasers were first developed in the

1980s, revolutionizing ultrafast laser science due to their exceptionally broad gain bandwidth

(650 ∼ 1100 nm).

In these solid-state lasers, the passive mode-locking method is frequently used due to

its simplicity and ability to generate ultrashort pulses, often in the femtosecond range. A

notable example is Kerr lens mode-locking (Fig. 1.5), a technique that exploits the intensity-

dependent refractive index of the gain medium, commonly Ti: sapphire lasers. This effect

creates a self-focusing phenomenon, where high-intensity regions of the beam experience

stronger focusing than low-intensity regions. This result is a lensing effect that depends on

the intensity of the light, hence the term "Kerr lens." The cavity is designed so that the tightly

focused beam experiences lower losses than the broader, less focused continuous wave (CW)

light. In Kerr lens mode-locking, it has been reported that miniaturizing the cavity enables

the generation of high repetition rate pulses at 20 GHz [4].

Fig. 1.5 A schematic illustration of Kerr lens mode-locking.

Semiconductor laser

Semiconductor lasers, also known as laser diodes, are a compact and efficient platform

for mode-locking operation. Their small footprint, high electrical-to-optical conversion

efficiency, and direct electrical pumping make them ideal for applications requiring ultrashort

pulses and high repetition rates. Semiconductor lasers emerged as a platform for mode-

locking in the 1980s, driven by advances in material science and the development of high-

speed electronic components. Integrating saturable absorbers and external cavities marked
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significant milestones, enabling shorter pulse durations and higher repetition rates. These

innovations have been instrumental in transitioning from experimental demonstrations to

practical applications

Passive mode-locking in semiconductor lasers relies on nonlinear intracavity elements,

such as semiconductor saturable absorber mirrors (SESAMs), to enable pulse formation.

Among the notable advancements in semiconductor laser platforms are the Vertical-External-

Cavity Surface-Emitting Laser (VECSEL) and the Mode-Locked Integrated External-Cavity

Surface-Emitting Laser (MIXSEL). VECSELs are optically pumped, surface-emitting lasers

featuring an external cavity and a gain region engineered with multiple quantum wells. These

lasers combine high output power with excellent beam quality and, when integrated with

SESAMs, can achieve mode-locking with pulse durations ranging from a few picoseconds to

sub-picoseconds [5]. Their broad tunability and scalable power make VECSELs ideal for

applications such as frequency comb generation and terahertz radiation sources. MIXSELs,

in contrast, integrate the gain medium and SESAM within a single semiconductor chip,

eliminating the need for external cavity alignment. This monolithic design simplifies the

system while retaining the ability to produce ultrashort pulses and operate at gigahertz

repetition rates [6].

Fig. 1.6 Schematic illustrations of mode-locking in semiconductor lasers. (a) The Vertical-

External-Cavity Surface-Emitting Lasers (VECSELs) have the gain region fabricated with

multiple quantum wells and the semiconductor Bragg mirror, which reflects light back into

the gain region, ensuring efficient amplification. The external cavity provides an additional

saturable absorber. In mode-locking operation, SESAM is placed within the cavity system. (b)

Mode-locked integrated External-Cavity Surface-Emitting Lasers (MIXSELs) are monolithic

semiconductor lasers that integrate the gain medium, the distributed Bragg mirror, and the

SESAM within a single chip.
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Fiber ring laser

Fiber lasers have established themselves as a critical platform for mode-locked laser systems,

offering high efficiency, excellent beam quality, and robust operation. Their compact design

and ability to support long interaction lengths make them particularly suitable for generating

ultrashort pulses. Since their inception in the 1960s, fiber lasers have undergone significant

advancements, particularly in the development of doped fiber materials and nonlinear optical

components. This has enabled a wide range of configurations and applications in ultrafast

optics.

Passive mode-locking in fiber lasers is achieved in various ways [7]. The simple con-

figuration typically relies on saturable absorbers, introducing an intensity-dependent loss

mechanism that suppresses CW operation while facilitating pulse shaping. These absorbers

can be implemented using bulk materials such as SESAMs or advanced nanomaterials like

carbon nanotubes and graphene. These materials offer precise control over saturation inten-

sity, recovery times, and operation bandwidths, making them suitable for diverse applications.

Nonlinear mechanisms such as nonlinear polarization rotation (NPR) and nonlinear amplify-

ing loop mirrors (NALM) also play a vital role in fiber laser mode-locking. NPR exploits

the intensity-dependent phase shift of polarized light within the fiber, which enables passive

mode-locking in combination with polarizing components [8]. NALM, on the other hand,

uses an optical loop containing a gain-doped fiber and nonlinear fiber where nonlinear phase

shifts enhance mode-locked operation through constructive interference for high-intensity

pulses [9–11]. Both techniques provide excellent stability and allow for fine-tuning output

characteristics through careful adjustment of cavity parameters.

In practical configurations, they operate at different wavelengths depending on the ions

in the gain fiber, with central wavelengths covering a wide range from the near-infrared to

the mid-infrared regions. These lasers demonstrate exceptional performance metrics, with

pulse durations of 50 fs to several picoseconds and repetition rates ranging from 10 MHz to

10 GHz. The scalability and adaptability of fiber lasers make them versatile tools for a wide

range of applications.

Microresonator

Microresonators have emerged as a versatile platform for mode-locked laser systems, enabling

the generation of optical frequency combs through compact and efficient architectures [12,

13]. Optical frequency combs, characterized by their equidistant and mutually coherent

spectral lines, have revolutionized precision optical frequency measurements and expanded

the reach of laser-based technologies. Originally developed in conventional mode-locked
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Fig. 1.7 A concept of a mode-locked fiber ring laser. The ring resonator is composed of a

gain fiber, a saturable absorber, and a nonlinear fiber, and it is designed to achieve dispersion

compensation for the entire system.

lasers, frequency combs have since been realized in microresonators, leveraging unique

properties such as high quality factors (Q) and small mode volumes.

Figure 1.8 shows a comparison of conventional frequency comb generators and mi-

croresonators. Conventional mode-locked lasers rely on resonators containing saturable

absorbers, gain media, and pump lasers. The gain medium produces light across multiple

frequencies, which are synchronized by the saturable absorber to form ultrashort pulses. The

pulse repetition rate corresponds to the resonator’s free spectral range (FSR). By contrast,

microresonators achieve mode-locking through nonlinear processes, such as cascaded four-

wave mixing (FWM), driven by a continuous-wave (CW) pump laser. This process generates

optical frequency combs with significantly higher repetition rates, often between 10 and

1000 GHz, exceeding the capabilities of conventional mode-locked lasers.

The first demonstration of microcombs was reported in 2007 by the Max-Planck-Institute

for Quantum Optics (MPQ) [14], which showed that cascaded FWM in microresonators could

produce broadband and equally spaced spectral lines in the frequency domain. However,

these early microcombs did not exhibit temporal pulses.

A key breakthrough in microresonator mode-locking was the demonstration of soliton

microcombs. The introduction of optical temporal cavity solitons resolved this challenge,

and in 2014, researchers at the Swiss Federal Institute of Technology in Lausanne (EPFL)

demonstrated soliton microcomb generation in MgF2 microresonators [15], producing sech2-

shaped spectra and picosecond-order pulses. These occur when the relative phases of the
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Fig. 1.8 Comparison of conventional frequency comb generators and microresonator-based

comb generation. Conventional frequency comb generation in mode-locked lasers requires a

gain medium and a saturable absorber within the resonator, as shown in panel (a). In contrast,

panel (b) illustrates frequency comb generation in a microresonator, which is governed by

a nonlinear χ3-medium and can be described in the frequency domain. A main difference

between the comb generators is that the pump laser constitutes one of the comb modes in

microresonators.
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comb lines are synchronized, resulting in ultrashort pulses. Soliton propagation within the

microresonator balances Kerr nonlinearity with anomalous dispersion, creating a stable pulse

train (Fig. 1.9 (b)). The concept of soliton microcombs builds on earlier work in fiber-based

optical cavities and is adapted for compact microresonator systems [16].
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Fig. 1.9 (a) The microcomb and soliton microcomb generation system is illustrated with a

dielectric high-Q microresonator fabricated from χ3 material driven by a CW laser through a

coupled external waveguide. (b) A schematic illustration of balances between Kerr nonlin-

earity, dispersion, gain, and loss in a microresonator system.

Soliton microcombs have since been realized in various microresonator platforms, in-

cluding SiO2 disks [17], SiO2 toroids, SiO2 rods, Si3N4 rings, AlN rings, and fiber-based

Fabry-Pérot cavities. These systems offer compact, low-power, and high repetition rate

sources of ultrashort pulses. Furthermore, octave-spanning soliton microcombs, critical for

self-referencing and carrier-envelope offset stabilization, have been achieved both directly

within microresonators and via spectral broadening in nonlinear fibers.

Microresonator-based mode-locked lasers have advanced optical frequency comb technol-

ogy by combining compact cavity size with high repetition rates. This enables applications

in precision metrology, telecommunications, spectroscopy, and quantum technologies. Their

ability to integrate soliton formation within dielectric microresonators underscores their

potential as a cornerstone for next-generation photonics.

1.2 Challenges in the related researches

In the quest to realize pulse sources free from background light using microresonators, two

representative research platforms that combined a gain-doped microcavity with a saturable

absorber were investigated. The first example is a waveguide-based laser by the group at

Massachusetts Institute of Technology (MIT) [18–20]. Their design incorporates an optical
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waveguide doped with erbium ions over a length of a few centimeters to provide gain. A

saturable Bragg reflector or a nonlinear interferometer is placed externally and serves as

the saturable absorber. While this approach offers the advantage of on-chip integration, the

achievable repetition rate is limited to around 2 GHz, primarily due to insufficient gain in

the resonator. Although such research was actively pursued around the 2010s, difficulties in

overcoming the gain deficiency have curtailed recent progress in this area.

A second example is the fiber Fabry-Pérot cavity laser reported by the group at The

University of Tokyo [21]. Here, a Fabry-Pérot resonator is formed by mounting mirrors on

both ends of a highly doped erbium and ytterbium co-doped fiber. A saturable absorber,

consisting of carbon nanotubes (CNTs) optically deposited on a fiber ferrule, is inserted

in front of one mirror. By sequentially reducing the cavity length from 25 mm to 10 mm

and finally to 5 mm, they investigated the upper limits of repetition rate achievable in this

configuration. Under a 5 mm cavity length, they reached a repetition rate of 19.45 GHz,

which was essentially the limit for this system.

These two platforms share a common challenge: insufficient resonator gain. Shortening

the cavity length is indispensable for higher repetition rates, but doing so decreases the gain

medium’s physical length and, thus, the total gain, making stable mode-locking increasingly

difficult. In contrast, the erbium-doped microresonator with a saturable absorber (e.g., CNTs

and graphene) that we investigate in this work aims to address this very issue by taking

advantage of a microresonator with a Q-factor exceeding 107. Even with a short cavity, the

high-Q factor ensures adequate gain, offering the prospect of higher repetition rates than

in prior studies. Such a compact, integrated source of high-repetition-rate, short optical

pulses is valuable for diverse applications, including arbitrary waveform generation, ultrafast

sampling, communications, and laser machining.

Moving on to the erbium-doped microresonators, the initial demonstration of erbium-

doping in a microsphere was reported by the group at Caltech in 2003 [22]. Subsequent

studies have been conducted largely because the fabrication process for such microspheres can

be relatively straightforward. For instance, a study published in 2007 [23] investigated how

the resonator’s Q-factor changes with erbium ions excitation: when the ions are unexcited,

their absorption reduces the Q-factor, whereas excitation provides gain, effectively lowering

the total loss and raising the Q-factor. Previous examples also show that ytterbium ions are

codoped with erbium ions to enhance lasing efficiency [24]. Moreover, using gain from

erbium ions to facilitate soliton generation has been proposed [25], offering easier access to

the soliton state: normally achieved only through specialized procedures [26].

Research on toroidal microresonators doped with erbium ions was reported for the first

time in [22], after which several fundamental studies have followed. Examples include a
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direct measurement of the gain lifetime [27] and theoretical and experimental examinations

of saturable nonlinearities in erbium-doped resonators [28]. In the case of whispering-

gallery-mode (WGM) resonators, lasing typically occurs in both the clockwise (CW) and

counterclockwise (CCW) directions, but intentionally introducing scatterers into the cavity

can enable unidirectional lasing [29]. There have also been demonstrations of Fano-like

resonances, a nonlinear phenomenon [30], observed in erbium-doped resonators [31, 32].

Specifically, when the gain from erbium ions compensates for the cavity’s inherent losses,

adjusting the intensities of the pump and probe beams and the sweep rate yields asymmetric

transmission spectra reminiscent of Fano resonances.

The most promising approach is the self-injection locked (SIL) soliton microcomb.

SIL soliton microcombs have recently attracted significant attention as a promising route

toward simplifying the generation of coherent, broad-spectrum frequency combs in high-

Q microresonators [33, 34]. In this approach, a narrow-linewidth laser is coupled to a

microresonator such as a microring and a whispering-gallery-mode structure, and a portion

of the intracavity field is scattered or reflected back into the laser cavity, causing the laser

frequency to lock to the resonator’s mode [35]. This intrinsic feedback mechanism mitigates

the need for external servo loops or complex frequency control systems and dramatically

narrows the laser linewidth, enhancing the stability of the soliton state formed via Kerr

nonlinearity. As a result, SIL soliton microcombs can provide a robust platform for on-

chip comb generation, allowing for reduced device footprint and potentially lower energy

consumption. However, certain challenges persist: the self-injection process restricts the

range over which the laser can be tuned, requires an optimal level of backscattering or

reflection, and can be sensitive to environmental fluctuations that shift the cavity resonance or

disturb the feedback path. Furthermore, higher-order dispersion and multimode interactions

within the resonator may introduce additional complexity, potentially limiting the bandwidth

and coherence of the comb. Despite these hurdles, ongoing progress in integrated photonics

design and packaging continues to advance the stability and performance of SIL soliton

microcombs, paving the way for compact, robust frequency-comb sources suitable for

precision metrology, optical communications, and emerging quantum applications.

1.3 Thesis objective and structure

Since the invention of the laser, mode-locked lasers, in particular, have played a critical role

as foundational technology in generating ultrashort pulses of light and have paved the way for

numerous applications. However, conventional mode-locked lasers require large-scale optical

setups, presenting challenges in terms of miniaturization and enhanced stability through
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integration. On the other hand, microresonators, by confining light within a microscale re-

gion, significantly enhance light-matter interactions, enabling various phenomena, including

nonlinear optical effects. Optical frequency combs (microcombs) and soliton microcombs

generated using microresonators have emerged as highly promising research fields with

academic and industrial significance. Nevertheless, state-of-the-art microcomb generation

primarily relies on injecting a pump laser into a microresonator and obtaining gain through

four-wave mixing. This process demands highly precise wavelength control and often leaves

residual pump light in the output. It is crucial to overcome these challenges to achieve

passive mode-locking in a self-oscillating and background-free operating laser by integrating

gain and nonlinear loss media into the microresonator. This thesis explores the design and

fabrication of high-Q microresonators as a key step toward developing integrated passive

mode-locked lasers.

Chapter 1 outlines the fundamental concepts of mode-locked lasers, previous research,

and the objectives of this study to provide the background for this thesis.

Chapter 2 focuses on the principles of microresonators, the core devices of this study, as

well as the basic theory and previous research on related nonlinear optical effects.

Chapter 3 describes the fabrication process and performance evaluation of high-Q mi-

croresonators. Specific attention is given to methods for doping erbium ions as the gain

medium and incorporating carbon nanotubes or graphene as nonlinear loss materials.

Chapter 4 presents the design of integrated mode-locked lasers based on numerical

analysis. Two approaches are discussed: single-resonator models and coupled-resonator

models. In the single-resonator model, passive mode-locking is achieved by adding a

saturable absorber and maintaining a Q higher than 108. Meanwhile, in the coupled-resonator

model, passive mode-locking is similarly achieved without a saturable absorber, provided the

microresonator maintains a Q of 108.

Chapter 5 concludes the thesis by summarizing the findings and discussing prospects.

This study demonstrates the potential of integrated passive mode-locked lasers based on

microresonators, providing clear design guidelines and fabrication processes for achieving

passive mode-locking.





Chapter 2

Introduction to optical microresonators

This chapter describes a comprehensive introduction to optical microresonators, which are

used as the primary device in this research, emphasizing their fundamental principles and

advanced research topics. The chapter begins with a discussion on the fundamentals of

microresonators, detailing key characteristics such as resonance frequency, quality factor,

cavity decay rate, and effective mode area, which collectively define their optical performance.

The roles of cavity dispersion and thermal effects are then explored, highlighting their

influence on light propagation and stability within the resonator. Nonlinear optical processes,

including Kerr effects and parametric oscillations, are also examined as critical phenomena

enabling advanced applications such as frequency comb generation.

The chapter further delves into optical coupling mechanisms, including evanescent

coupling, which are vital for efficiently interfacing external light with microresonators.

Practical aspects, such as tapered fiber fabrication and quality factor measurements, are also

discussed, providing a complete framework for experimental implementations.

The following section introduces optical frequency comb generation in optical microres-

onators, focusing on its principles. Particular attention is given to soliton microcombs,

detailing their formation mechanisms and recent advancements in their generation.

2.1 Fundamentals of microresonators

2.1.1 Microresonator characteristics

Whispering-gallery-mode microresonators

Optical resonators are essential components in photonics, enabling the confinement and

manipulation of light within small volumes for various applications. Among the many types
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Fig. 2.1 Phographs of optical microresonators. (a) A waveguide-integrated Si3N4 ring, (b) an

SEM image of a Si ring, and (c) a photonic crystal. Whispering-gallery-mode microresonators

of (d) MgF2 crystal, (e) SiO2 microtoroid, and (f) SiO2 microdisk.

of optical resonators, Fabry-Pérot resonators, ring resonators, photonic crystal resonators,

and whispering-gallery-mode (WGM) microresonators are prominent designs, each offering

distinct advantages and functionalities. Note that there are no significant differences between

"resonator" and "cavity" in this thesis.

A Fabry-Pérot resonator, which is the most typical design, consists of two highly reflective

mirrors forming a linear cavity, where light resonates when the optical path length matches

an integer multiple of the wavelength. Due to their straightforward design, these resonators

are widely used for spectral filtering, interferometry, and laser cavities. However, their

linear geometry and relatively large mode volumes limit their compactness and scalability in

integrated photonic systems.

Ring resonators (Fig. 2.1(a), (b)) come in various sizes, ranging from millimeter-scale

fiber-based designs to micrometer-scale on-chip integrated photonic systems. Fiber ring

resonators, constructed from optical fibers spliced into a closed loop, leverage the inherent

flexibility, low loss, and compatibility of fiber optics, making them ideal for applications

such as gyroscopes and optical delay lines. On the other hand, waveguide-integrated ring

resonators are fabricated using CMOS-compatible processes that allow for precise control

over the structure and resonant mode profiles. One key advantage of these processes is

the simultaneous fabrication of the microresonator and the coupling waveguide, ensuring a

stable coupling condition. However, the material options for CMOS-compatible fabrication

are limited to silicon nitride (Si3N4), silicon (Si), high-index silica glass, aluminum nitride

(AlN), aluminum gallium arsenide (AlGaAs), and diamond. This diversity in size and design
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enables ring resonators to serve a wide range of photonic applications. However, their Q-

factors are generally lower than those of whispering-gallery-mode (WGM) microresonators,

limiting their performance in applications requiring ultra-high light confinement or enhanced

nonlinear interactions.

Photonic crystal resonators (Fig. 2.1(c)) are another high-performance resonator class that

confines light using the photonic bandgap effect. These structures are designed by introducing

periodic variations in the refractive index of a material, creating bandgaps where certain

wavelengths cannot propagate. A defect in this periodic structure acts as a resonant cavity,

confining light within subwavelength volumes. Photonic crystal resonators are fabricated

CMOS-compatible processes [36], and they can achieve Q-factors of ∼ 105 and extremely

small mode volumes, making them highly suitable for applications in cavity QED, quantum

information processing, and biosensing [37].

WGM microresonators (Fig. 2.1(d)-(f)) operate based on total internal reflection along

the curved surfaces of dielectric materials such as spheres, toroids, or disks. The term

"whispering gallery" originates from an acoustic phenomenon found in St. Paul’s Cathedral

in London. Inside the cathedral’s dome is a circular gallery encircled by a remarkably smooth

stone wall. This gallery is famous for its unique acoustic effect, allowing a whispered voice

from one side of the dome to be clearly heard by someone on the opposite side. Lord Rayleigh

could explain this phenomenon by the continuous reflection of sound waves at the inner wall

of the dome in 1910 [38]. In such a WGM, the input light propagates along the outer edge of

the resonator, acting as a waveguide (Fig. 2.2). The refractive index contrast between the

resonator material and its surroundings enables ultra-high Q-factors (Q > 108) and small

mode volumes, making them highly efficient for light-matter interactions. These properties

are ideal for nonlinear optics, soliton frequency comb generation, and cavity quantum

electrodynamics (QED). WGM resonators can be fabricated using materials like silica

(SiO2), fluoride crystals, sapphire (Al2O3), polymers, and lithium niobate (LiNbO3) through

methods such as polishing and laser processing, allowing for flexibility in applications and

integration [12, 39].

Resonance frequency

Optical microresonators have equidistant resonance frequencies (wavelength) determined by:

ωm =
2πmc

nL
, (2.1)

λ m =
nL

m
, (2.2)
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200 ¿m

Fig. 2.2 (a) A schematic illustration of a light path in a circular whispering-gallery-mode on

a toroidal microresonator with diameter of 800 µm.

where m is the mode number (m ∈ N), ωm (λ m) is the angular frequency (wavelength) of

the m-th mode, c is the speed of light, n is the refractive index, L is the cavity roundtrip

length. The roundtrip time tR is expressed as the inverse of the free-spectral range (FSR) of

the resonator as

tR =
1

FSR
=

nL

c
. (2.3)

In the case of no dispersion, the effective refractive index does not depend on the frequency,

and the resonance frequencies have an equal mode spacing D1 (D1 = ωm/m).

Quality factor and cavity decay rate

The quality factor is an important parameter for evaluating the property of the resonator.

Passing through a waveguide due to the material absorption and the scattering loss, the optical

energy stored in the resonator (Ucav(t)) decays exponentially:

Ucav(t) =Ucav(0)exp(−γt), (2.4)

where γ is the cavity decay rate, which is related to the intrinsic cavity decay rate γ int and the

coupling rate to the external waveguide γext (γ = γ int + γext). The quality factor is defined as

Q = 2π ·

(Intracavity optical energy)

(Energy loss per roundtrip)
= 2π

Ucav(t)

−
Ucav(t)

dt
2π
ω0

=
ω0

γ
. (2.5)



2.1 Fundamentals of microresonators 19

The Q-factor is derived from the cavity decay rate in the time domain, corresponding to the

full-width at half-maximum (linewidth) of the resonance mode in the frequency domain.

The photon lifetime τp is defined as τp = γ−1 in the time domain. Therefore, the resonance

linewidth can be directly measured from the resonator’s transmission spectrum, while the

cavity lifetime is measurable through time-domain measurements.

Effective mode area

One of the most attractive advantages of microresonators is that they confine light into a small

area and volume. The effective mode area Aeff is determined by a resonant mode profile:

Aeff =
(
∫

|E|2dA)2

∫

|E|4dA
, (2.6)

where |E|2 corresponds to the light intensity and A is defined as the integral area. The

effective mode volume is expressed as Veff = AeffL.

2.1.2 Cavity dispersion

Dispersion, a critical parameter in photonics, describes the dependence of phase velocity

on frequency or propagation modes within a medium. Specifically, chromatic dispersion

refers to the frequency or wavelength dependence of phase velocity, which arises from the

frequency-dependent refractive index of the material and is influenced by the structural

dispersion of the waveguide.

In microresonators, this phenomenon, known as cavity dispersion, encapsulates the

dependence of the effective refractive index on frequency, resonance mode profiles, and

polarization. Cavity dispersion is governed by both material and geometrical dispersions:

material dispersion, dictated by the Sellmeier equation, defines the refractive index of the

medium, while geometrical dispersion, which can be tailored by modifying the microres-

onator structure, depends on the spatial distribution of optical intensity. For instance, a

significant evanescent field outside the microresonator reduces the effective refractive index.

This interplay of material and structural properties makes dispersion a key factor in fre-

quency comb generation, ultrafast optics, and the fundamental behavior of light propagation

described by the frequency dependence of the propagation constant β as follows [40, 41]:

β (ω) =
ω

c
n(ω)

= β0 +(ω −ω0)β1 +
1

2
(ω −ω0)

2β2 +
1

6
(ω −ω0)

3β3 + · · · ,
(2.7)



20 Introduction to optical microresonators

where ω is the angular frequency. Especially, the second-order dispersion β2 of Eq. (2.7)

represents the rate of change in the inverse group velocity in terms of frequency, which

corresponds to group velocity dispersion (GVD) as follows:

β2 =
d2β

dω2

∣

∣

∣

∣

ω=ω0

=
1

c

d

dω

(

c

vg

)

. (2.8)

Here, vg is the group velocity. β2 plays an important role in nonlinear pulse propagation, such

as broadening of the pulse bandwidth. In addition to the GVD parameter β2, the dispersion

parameter D is a useful expression, which is derived by the change of group delay time

Tg = β1L in function to wavelength as,

D =
1

L

dTg

dλ
=−

2πc

λ 2
β2. (2.9)

The choice of whether to use β2 or D to represent GVD depends on the preferences within

the research community. The parameters β2 and D are expressed in units of (ps2/km) and

(ps/km · nm), respectively. Importantly, the signs of these two dispersion parameters are

opposite: for normal dispersion, β2 > 0 and D < 0, while for anomalous dispersion, β2 < 0

and D > 0. It is also important to note that this definition of normal and anomalous dispersion

refers to GVD at a specific wavelength. In the field of microresonator frequency combs,

"dispersion" generally refers to GVD, and this thesis adopts the same convention.

As explained in 2.1.1, the resonance frequencies have equal mode spacings when cavity

dispersion is not taken into account. However, cavity dispersion changes the mode spacings

depending on the frequency. The resonance frequencies can be expressed with a relative

mode number µ (µ ∈ Z) that is obtained from the absolute mode number m. The center

mode number is µ = 0, corresponding to the pump mode for optical frequency comb

generation. The angular frequency ωµ and the resonance frequency fµ are expressed with

Taylor-expanded equations:

ωµ = ω0 +D1µ +
1

2
D2µ2 +

1

6
D3µ3 + · · ·

= ω0 +D1µ +Dint(µ),
(2.10)

fµ = f0 +d1µ +
1

2
d2µ2 +

1

6
d3µ3 + · · ·

= f0 +d1µ +dint(µ),
(2.11)
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where D1/2π is the equidistant resonator FSR in units of (Hz), D2/2π is the second-order

dispersion related to β2, and D3/2π , D4/2π , · · · represent the higher order dispersion. The

integrated dispersion Dint is defined as the deviation of the resonance frequency, including

all orders of dispersion from the equidistant grid of D1/2π (FSR).

Figure 2.3 provides a schematic illustration of microresonator dispersion. Higher-order

dispersion terms can be neglected if the relationship D2 k D3 k D4 · · · holds true, meaning

the impact of each dispersion term decreases significantly.

π

π …π … π …π …

Fig. 2.3 Resonance frequencies taking dispersion into account. The mismatch between the

equidistant comb grid (black dashed line) and the resonance mode (blue) corresponds to the

microresonator dispersion.

2.1.3 Thermal effects in microresonators

Thermal effects play a significant role in the behavior and stability of microresonators,

impacting optical coupling, resonance shift, and system performance. When light is stored

inside a microresonator, thermal losses result in heating, which leads to a shift in the

resonance frequency [42]. This thermal resonance shift arises from two primary mechanisms:

the thermo-optic effect, where the refractive index changes with temperature (dn/dT ), and

thermal expansion, which alters the cavity length (dL/dT ). These contributions combine to

cause the resonance wavelength shift, expressed as:

∆λm =
(L+∆L)(n+∆n)

m
−

nL

m

≈

nL

m

(

∆L

L
+

∆n

n

)

= λm

(

1

L

dL

dT
∆T +

1

n

dn

dT
∆T

)

,

(2.12)
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where ∆T is the induced temperature change of the resonator material.

At low input power, resonances maintain a Lorentzian shape, but at higher power levels,

they become distorted and transition to a triangular shape. This phenomenon occurs because

the scanning pump laser thermally pushes the resonance frequency from its original position

until the laser crosses the shifted resonance, causing it to snap back. This behavior is

particularly evident when the pump laser is swept from shorter to longer wavelengths, where

stored light heats the resonator material.

Thermal effects can also be leveraged to stabilize optical coupling through a mechanism

known as thermal locking. This passive locking technique uses the thermo-optic and thermal

expansion effects to maintain coupling when the pump laser is blue-detuned relative to the

resonance frequency. Many common microresonator materials, such as silica, MgF2, and

Si3N4, exhibit positive thermal coefficients for both the refractive index and cavity length.

This positive sign ensures stable locking on the blue-detuned side but makes red-detuned

coupling unstable. Since soliton microcomb generation requires red-detuned pumping,

thermal instability becomes a challenge for soliton formation.

In cases where the thermal coefficients of the material have opposite signs [43], as

seen in materials like PDMS-coated SiO2, CaF2, and BaF2, thermal self-oscillation can

occur. This oscillatory behavior complicates the use of passive thermal locking, necessitating

external locking mechanisms to stabilize the optical coupling. Despite these challenges,

thermal effects remain integral to the operation and control of microresonators, providing

both opportunities and limitations for advanced photonic applications.

2.1.4 Optical nonlinear processes in microresonators

Third order nonlinearities

Optical nonlinear processes indicate that the polarization P in dielectric materials scales

nonlinearly with externally applied electric fields E, represented by the following relation:

P = ε0{χ(1)E +χ(2)E2 +χ(3)E3 + · · ·}. (2.13)

Here ε0 is the vacuum permittivity, χ(1) is the linear electric susceptibility and χ(2) and χ(3)

are the second and third order nonlinear electric susceptibilities, respectively. While higher-

order terms can be ignored when electric field amplitudes are low, they become dominant in

strong electric fields. The second order term works in dielectric materials that are inversion

asymmetric at the molecular level. The nonlinear contribution takes account of only the third

order term because of using SiO2 that are symmetric molecules. The third order nonlinearity



2.1 Fundamentals of microresonators 23

can occur in all dielectric materials. Therefore, the polarization contributed by nonlinearity,

PNL, can be extracted from Eq. (2.13):

PNL = ε0χ(3)E3. (2.14)

Since the third order nonlinear process interacts between four electric field components,

the total electric field is described as

E =
4

∑
j=1

E j exp{i(k jz−ω jt)} . (2.15)

Substituting Eq. (2.15) into Eq. (2.14) yields the following equation.

PNL =
4

∑
j=1

Pj exp{i(k jz−ω jt)} . (2.16)

Pj has a large number of terms, including three electric field components such as

P4 ∝{|E4|
2E4 +2(|E1|

2 + |E2|
2 + |E3|

2)E4

+2E1E2E3 exp(iθ+)+2E1E2E∗

3 exp(iθ−)+ · · ·} ,
(2.17)

where θ+ and θ− are expressed as

θ+ = (k1 + k2 + k3 − k4)z− (ω1 +ω2 +ω3 −ω4)t,

θ− = (k1 + k2 − k3 − k4)z− (ω1 +ω2 −ω3 −ω4)t.
(2.18)

In Eq. (2.13), the components proportional to E4 denote self-phase modulation (SPM) and

cross-phase modulation (XPM). The term with θ+ represents frequency conversion processes

of THG and sum frequency generation. Additionally, the term with θ− denotes the frequency

conversion processes of FWM.

Self-phase modulation and cross-phase modulation

SPM and XPM are phenomena to change an effective refractive index in dielectric materials,

whose shift depends on the propagating light intensity [40]. SPM refers to the self-induced

phase shift caused by the interaction of one optical field. XPM, on the other hand, refers to

the phase shift induced by a separate optical field that has a different frequency, direction,

polarization, or transverse mode. The change in effective refractive index due to SPM and

XPM is usually smaller than that caused by thermal effects, as expressed in Eq. (2.12).



24 Introduction to optical microresonators

Therefore, the resonance shift is primarily attributed to thermal effects. In contrast, the

response time of SPM and XPM (on the order of nanoseconds or less) is significantly faster

than that of thermal effects (on the order of microseconds). For example, in Eq. (2.17),

|E4|
2E4 and 2(|E1|

2 + |E2|
2 + |E3|

2)E4 represent SPM and XPM, respectively. Since XPM

effects work twice as much as SPM effects, change of the effective refractive index ∆n(t) is

expressed as

∆n(t) = n2I4(t)+2n2{I1(t)+ I2(t)+ I3(t)}, (2.19)

where n2 is the nonlinear refractive index and I∗ is the light intensity (∗ ∋ 1−4 ). Assuming

the case that a microresonator is pumped with a CW laser, the wavelength shift via SPM is

as follows

∆λm =
(n+∆n)L

m
−

nL

m
=

n2I4L

m
=

n2PcavL

mAeff

= λm
n2Pcav

nAeff

, (2.20)

where the second term on the right-hand side in Eq. (2.19) is neglected because the term

represents XPM effects.

Four-wave mixing

Four-wave mixing (FWM) is a nonlinear optical process in which two photons are annihilated

and two new photons are generated, obeying energy conservation as [44]

ℏω1 +ℏω2 = ℏω3 +ℏω4 (non-degenerate),

2ℏω1 = ℏω3 +ℏω4 (degenerate).
(2.21)

When the annihilated photons have different frequencies, the process is called non-degenerate

FWM; if they share the same frequency, it is referred to as degenerate FWM. Both processes

require a phase-matching condition of k1 + k2(1) = k3 + k4, as shown in Eq. (2.18). In

particular, degenerate FWM can arise in the anomalous dispersion regime through modulation

instability. The threshold input power for zero detuning in a coupling waveguide is given by

PFWM
in ≈

γ2
NLn2AeffL

8cω0n2η
. (2.22)

Here, γNL represents the nonlinear coefficient. In essence, a microcomb is typically initiated

by degenerate FWM triggered by a continuous-wave (CW) pump laser. This degenerate

FWM process generates equally spaced sidebands around the pump frequency, marking the

onset of the comb formation (Fig. 2.4(a)).
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Stimulated Raman scattering

Stimulated Raman scattering (SRS) is an optical nonlinear process in which pump photons

generate red-shifted photons by interacting with molecular vibrations of the host material.

The amount of frequency shift, denoted (ΩSRS), depends on the properties of the resonator

material. For instance, in silica, ΩSRS is approximately 14 THz. The threshold input power

in a coupling waveguide under zero-detuning conditions can be expressed as

PSRS
in ≈

γ2
NLn2AeffL

4c2ηgR(max)
, (2.23)

where gR(max) is the maximum Raman gain (in units of m/W). For example, silica at 1550 nm

has gR(max) = 6.2× 10−14 m/W. Because microresonators offer both high-Q factors and

small mode volumes, they can achieve exceptionally low threshold powers for Raman

lasing [45, 46].

Despite these advantages, the broadband nature of Raman gain makes it challenging to

fully suppress SRS in many microcomb experiments, except in systems using very small

microresonators or materials with narrow Raman gain spectra. Figure 2.4(b) illustrates how

a Raman comb can form within a microresonator due to the material’s broad Raman gain

profile. In silica microresonators operating under anomalous dispersion, FWM typically has

a lower threshold than SRS, as reflected in the ratio

PSRS
in

PFWM
in

≈

(2ω0n2)

(cgR(max))
≈ 2.9, (2.24)

indicating that FWM is likely to occur before any substantial SRS takes place. Conversely,

in normal-dispersion regions, FWM is impeded by the lack of modulation instability, and

SRS can become the dominant nonlinear process.

Stimulated Brillouin scattering

Stimulated Brillouin scattering (SBS) is an optical nonlinear process in which pump photons

generate red-shifted photons propagating in the backward direction through interaction with

acoustic waves [40]. The frequency shift (ΩSBS) depends on the resonator material; for

example, silica typically exhibits a Brillouin shift of about 11 GHz. When the waveguide is

assumed to be at zero detuning, the threshold input power for SBS is given by

PSBS
in ≈

γ2
NLn2AeffL

4c2ηgB
, (2.25)



26 Introduction to optical microresonators

FSR

Raman gain

Wavelength»pump

»pump Wavelength
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Degenerate FWM
Non-degenerate 

FWM

Fig. 2.4 Illustrations of microcomb formation via (a) FWM and (b) SRS. Since FWM needs

to satisfy a phase-matching condition, a microcomb via FWM can be mutually coherent. On

the other hand, basically, a microcomb via SRS is mutually incoherent because SRS does not

require a phase-matching condition.

where gB is the Brillouin gain in units of m/W (∼ 6× 10−11 m/W in silica at 1550 nm).

Because the Brillouin gain can be on the order of three magnitudes larger than the Raman

gain, SBS often dominates over SRS in conventional silica optical fibers.

In optical microresonators, however, SBS requires resonator modes that coincide with

the Brillouin gain spectrum. As a result, SBS typically does not interfere with microcomb

operation except in specific cases—for instance, when the resonator is sufficiently large that

its FSR falls below ΩSBS (e.g., a diameter exceeding approximately 6 mm in silica). This

arises from the fact that the Brillouin gain spectrum in dielectric materials is usually narrower

than 100 MHz, which is smaller than the FSR of most microresonators.

On the other hand, by carefully engineering microresonator structures, one can design

high-Q resonators that support Brillouin laser generation at low threshold powers [47–49].

Through appropriate choices of resonator size, geometry, and material, SBS-based lasing can

thus be harnessed for applications such as narrow-linewidth light sources, without necessarily

disrupting Kerr-comb or other nonlinear processes.
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2.1.5 Optical coupling to microresonators

Coupled mode equation

γ

γ

Fig. 2.5 Optical coupling system between a microresonator and a coupling waveguide. sin

and sout are the input and output fields, respectively. γint and γext are the intrinsic decay and

coupling rates, respectively.

A coupled mode equation describes an optical coupling between a resonator and an

external coupler through an evanescent field, as shown in Fig. 2.5. When adopting slowly

varying envelope approximation, the time evolution of a light field A0(t) at the resonance

frequency ω0 can written as [50]

dA0(t)

dt
=−

γ

2
A0(t)− jω0A0(t)+

√

γextsin(t)exp(− jωpt), (2.26)

where sin is the driving field and ωp is the pump frequency. The decay rate γ is given

by γ = γint + γext. It is noted that the field amplitude A0(t) is normalized to the number of

intracavity photons at the resonance as |A0(t)|
2. Here, Eq.( 2.26) can be rewritten by adopting

the phase transformation (a0(t) = A0(t)exp( jωpt)) as follows,

da0(t)

dt
=−

(γ

2
+ j(ω0 −ωp)

)

a0(t)+
√

γextsin(t). (2.27)

When we assume the steady state (da0(t)/dt = 0), the amplitude is expressed as,

a0 =

√

γext

γ/2+ j(ω0 −ωp)
sin, (2.28)

|a0|
2 =

γext

γ2/4+(ω0 −ωp)2
|sin|

2. (2.29)
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In addition, the relation between the input field and the output field is described as

sout =−sin +
√

γexta0, (2.30)

and the transmittance can be defined as follows:

t =
sout

sin

=
(γext − γint)/2− j(ω0 −ωp)

(γext + γint)/2+ j(ω0 −ωp)
, (2.31)

T =

∣

∣

∣

∣

sout

sin

∣

∣

∣

∣

2

=
(γext − γint)

2/4+(ω0 −ωp)
2

(γext + γint)2/4+(ω0 −ωp)2
. (2.32)

When zero detuning condition ((ω0 −ωp) = 0), the maximum dip of transmission T0 is

expressed as,

T0 =

(

Qint −Qext

Qint +Qext

)2

. (2.33)

Here, T0 = 0, which indicates that full extinction of transmittance happens at the critical

coupling condition, Qint = Qext (γint = γext), and then the loaded Q becomes half of the

intrinsic and coupling Q (Qtotal = Qint/2 = Qext/2). The optical coupling condition is

categorized into three conditions:

under coupling : Qint < Qext(γint > γext),

critical coupling : Qint = Qext(γint = γext),

over coupling : Qint > Qext(γint < γext).

(2.34)

When the coupling ratio is defined as η = γext/γint, Fig. 2.6 shows the minimum transition for

different coupling rates and the corresponding normalized transmission. The coupling ratio

can generally be controlled by changing the gap between the resonator and the waveguide.

Measuring the Q-factor

The Q-factor is an important parameter to evaluate whether the microresonator could build

up intracavity optical power and cause optical nonlinear effects. The Q-factor is determined

by using the cavity decay rate following Eq. (2.5), which can be evaluated by measuring the

linewidth of a resonance mode in the frequency (wavelength) domain and the photon lifetime

in the time domain. Figure 2.7(a) shows the tapered fiber coupling setup to measure Q-factors.

A microresonator is placed on a three-axis automatic positioning stage that can control the

relative position between the microresonator and fiber. The coupling position is monitored

by using microscopes from the top and side. Figure 2.7(b) and (c) shows experimental setups
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Fig. 2.6 (a) Transmission T0 for different coupling ratio γext/γint. (b) Calculation results of

transmission in three different coupling ratios.

used for Q-factor measurement in the frequency domain. Figure 2.8 shows measurement

results with a silica toroid.

As explained in §2.1.1, the transmission in a resonance mode has a Lorentzian shape

as a function of the detuning between the resonance and laser frequencies. Therefore, the

linewidth of a resonance mode can be evaluated by monitoring the transmission while

scanning the laser frequency. Here the frequency (wavelength) axis needs to be calibrated

with some frequency (wavelength) marker, that are created by using the built-in function of

a commercial laser (Santec TSL-510 and TSL-710), a fiber Mach-Zehnder interferometer

(MZI). For example, Fig. 2.8(a) shows measured resonance modes with 20 MHz sine wave

modulated by MZI. A Q-factor is determined as Q = ω0/γ (= λ0/∆λ ), where λ0 is the

resonance wavelength and ∆λ is the linewidth in the wavelength domain.

For high-Q cavities exceeding Q of 108 (corresponding to the long photon lifetime), the

ring-down method is also used for Q measurement. When the input is suddenly interrupted,

the stored optical energy decays exponentially over time. The optical intensity inside the

cavity I(t) decays exponentially:

I(t) = I0 exp(−t/τp), (2.35)

where I0 and τp are the initial intensity and the photon lifetime (τp = 1/γ), respectively. Since

the Q-factor is related to τp by Eq. (2.5), we can calculate Q by measuring τp. Fig. 2.8(b)

shows the result of the Q-factor measurement using the ring-down method, indicating a Q of

6×108 for a 200-µm-diameter microtoroid.
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Laser PWM
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Fig. 2.7 Experimental setups for Q measurement in frequency domain. The orange lines

indicate optical paths, and the blue lines indicate electrical paths. FPC, fiber polarization con-

troller; PWM, power meter; DAQ, data acquisition; FG, function generator; PD, photodiode;

OSC, oscilloscope; MZI, fiber Mach-Zehnder interferometer.
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Fig. 2.8 (a) Q-factor measurement in the frequency domain. The blue dots and green

dots represent the experimental data. The frequency axis is calculated by using fiber MZI

spectrum with 20 MHz of FSR. The red line is a fitted curve by the Lorentzian function.

(b) Measurement result by using cavity ring-down method in the time domain. The blue

line represents the transmission signal, and the red line is the fitted curve, respectively. The

calculated τp is 490 ns, yielding the Q-factor of 6×108.
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2.2 Microcomb generation

2.2.1 Optical frequency combs in microresonators

A microcomb is generated in a microresonator via cascaded FWM driven by a CW pump laser

through an external waveguide. The commonly used method is to scan the pump frequency

over the resonance mode to the lower side. The pump scanning changes the intracavity

conditions from the CW state: Turing pattern and chaotic combs with blue-detuned pumping;

breather soliton, multi-soliton, and single soliton combs with red-detuned pumping [15].

The general formation and properties of microcombs are shown using an LLE (detailed in

Chapter 4).

The first sidebands of a microcomb are generated via degenerate FWM driven by a CW

pump laser. Degenerate FWM generates in anomalous dispersion regime with modulation

instability that amplifies amplitude noises of the coupled CW laser in the time domain. Also,

in the frequency domain, the CW laser is coupled to a resonance mode at the blue-detuned

side and generates sidebands at the centers of resonance modes. The mode number offsets

µth, where first sidebands generate, are determined by as follows [51, 52]:

−∆ω0 +
1

2
D2µ2

th ≈ 0 , (2.36)

when reaching the intracavity power to the threshold for degenerate FWM. To satisfy with

Eq. (2.36), the blue-detuned pumping (∆ω0 = ωp −ω0 > 0) is required in anomalous disper-

sion regime (D2 > 0). The threshold intracavity power for degenerate FWM PFWM
cav can be

expressed as

PFWM
cav =

γNLnAeff

2ω0n2
, (2.37)

by using Eq. (2.22) and the relation between input power Pin and intracavity power Pcav:

Pcav =
γext

1
4
γ2

NL +∆ω2
0

D1

2π
Pin . (2.38)

Therefore, the pump detuning to generate the first sidebands can be calculated as

∆ω0 =

√

2cω0n2

n2ηAeffL
Pin −

1

4
γ2

NL . (2.39)

In a case with a normal dispersion regime, the lack of modulation instability obstructs

the creation of degenerate FWM, which is a trigger for the formation of a microcomb.

However, when mode coupling between different transverse modes in a microresonator (or



32 Introduction to optical microresonators

between different transverse modes in two microresonators) shifts a resonance frequency

that effectively creates anomalous dispersion, the first sidebands can oscillate at the shifted

resonance mode [53]. As a result of the microcomb formation, microresonators with normal

dispersion can generate a mode-locked pulse that propagates as a dark soliton pulse [54, 55].
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Fig. 2.9 (a) A schematic spectrum of microcomb in the frequency domain. The comb

spectrum and the pulse train can be mathematically converted by Fourier transform, which

means that properties such as bandwidth and mode spacing are characterized by a one-by-one

relationship. (b) Microcomb generation in a silica microtoroid which has Q = 4×108 and a

cavity FSR of around 220 GHz. The ASE noise of EDFA is not filtered out.

An optical frequency fm of frequency comb is defined as,

fm = fceo +m frep, (2.40)

where m is the integer, fceo and frep represent the carrier envelope offset frequency and

repetition frequency, respectively. The pulse repetition equals the frequency spacing of comb

lines, namely the cavity FSR. The offset frequency fceo can be interpreted as the frequency

of the "first" comb line. The repetition frequency frep is directly measurable with a fast

photodetector because the RF beatnote of the overall frequency comb gives the information

of frep. On the other hand, the fceo measurement is a challenge since it does not appear in
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the beat signal. However, it has been possible to determine fceo when the comb bandwidth

exceeds one octave by means of the useful method referred to as f -2 f self-referencing. The

lower frequency of the octave-spanning comb fn is converted to a doubled frequency 2 fn via

second-harmonic generation. When the harmonic light and filtered higher frequency f2n are

mixed with a photodiode, the beat signal corresponds to the fceo as,

2 fn − f2n = 2( fceo +n frep)− ( fceo +2n frep) = fceo . (2.41)

The frequency comb is usually stabilized by locking these two frequencies to an external

reference clock for frequency stability and accuracy.

2.2.2 Microcomb formation dynamics

Microcomb formation can be analyzed using two primary theoretical frameworks: one is

the spectrotemporal model, which employs a set of nonlinear coupled-mode equations to

track the evolution of each comb line in the frequency domain [56, 57], and the other is the

spatiotemporal model, where the intracavity field is computed as a function of azimuthal angle

and time via the Lugiato–Lefever Equation (LLE) [58, 59]. While the spectrotemporal model

provides insight by directly tracking mode amplitudes, it can be computationally demanding

when the number of comb lines grows large. In contrast, the LLE-based spatiotemporal

model captures the key physics of comb generation in a single partial differential equation

and thus often offers greater computational efficiency.

Here, we can describe soliton formation and microcomb dynamics in a high-Q microres-

onator using the LLE. The LLE treats the intracavity field in multiple resonance modes

a(φ , t) as a function of the angular coordinate φ and the slow time t. By imposing a periodic

boundary condition (φ , t) = a(φ +2π, t), it is possible to model the resonator circumference

as a continuous spatial dimension. The intracavity field a(φ , t) relates to the optical field of

µ-th comb mode aµ(t) by a discrete Fourier transform,

a(φ , t) = ∑
µ

aµ(t)exp(iµφ) . (2.42)
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Eq. (2.42) is differentiated by a nonlinear coupled-mode equation [58] as

∂a(φ , t)

∂ t
= ∑

µ

∂aµ(t)exp(iµφ)

∂ t

=−

γ

2
aµ exp(iµφ)− iδµ=0 ∑

µ

aµ exp(iµφ)− i∑
µ

Dintaµ exp(iµφ)

+
√

γextain + ig∑
µ

∑
µ1,µ2

aµ1
aµ2

a∗µ1+µ2−µ exp(iµφ) .

(2.43)

Here, δµ is the Kronecker delta function to validate the driving field (i.e., δµ = 1 for µ = 0), g

is the Kerr nonlinear coefficient given as (ℏω2
0 cn2)/(n

2
0Veff). The last term on the right-hand

side represents Kerr effects, including SPM, XPM, and FWM. The requirement of energy

conservation to satisfy the relation µ = µ1+µ2−µ3. Equation (2.43) can be simplified using

Eq. (2.42) as,

∂a(φ , t)

∂ t
=−

(γ

2
+ iδµ=0

)

a− i ∑
kg2

Dk

k!

(

∂

i∂φ

)k

a+ ig|a|2a+
√

γextain . (2.44)

Equation (2.44) is a LLE, which can describe microcomb dynamics.

An LLE can be calculated, incorporating Kerr effects as well as stimulated Raman

scattering. Kerr effects happen instantaneously, while the response of Raman effects is

delayed compared to the carrier light field. Therefore, the responses of Kerr and Raman

effects need to be calculated using integral calculus as a function of the angular coordinate,

which is related to the fast time domain in the microresonator. The response function of Kerr

and Raman effects h(t̃) can be expressed as

h(t̃) = (1− fR)δ (t̃)+ fRhR(t̃) , (2.45)

where t̃, fR, and hR(t̃) are the fast time frame, the Raman retribution coefficient ( fR = 0.18 in

silica), and the Raman response function which is normalized as
∫ ∞

0 hR(t̃)dt̃ = 1, respectively.

δ (t̃) is the Kronecker delta function (δ (t̃) = 1 at t̃ = 0). Hence, an LLE that can rewrite

taking account of Raman effects as follows:

∂a(φ , t)

∂ t
=−

(γ

2
+ iδµ=0

)

a− i ∑
kg2

Dk

k!

(

∂

i∂φ

)k

a

+ iga

∫ 2π

0
h

(

φ ′

D1

)

∣

∣a(φ −φ ′)
∣

∣

2
dφ ′+

√

γextain .

(2.46)
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2.2.3 Microcomb formation and the states

A microcomb is generated in a microresonator through cascaded FWM, driven by a CW

pump laser coupled via an external waveguide. The typical method involves scanning the

pump frequency across the resonance mode toward the lower frequency side. This pump

scanning modifies the intracavity conditions, transitioning through various states: Turing

patterns and chaotic combs appear with blue-detuned pumping, while breather solitons,

multi-solitons, and single solitons emerge with red-detuned pumping.

Using the LLE, we can provide an overview of the general formation and properties of

microcomb. Figure 2.10 shows simulation results of microcomb formation as a function of

pump detuning, calculated using Eq. (2.44). Initially, the CW pump laser builds up intracavity

power, triggering degenerate FWM that generates a Turing pattern comb (or primary comb).

This comb exhibits evenly spaced modes due to pure FWM. As pump detuning progresses,

a chaotic comb, which is also called a modulation instability (MI) comb, forms. In this

state, sub-comb lines are independently generated from each primary comb line, resulting

in overlapping modes. This overlap leads to multiple laser lines within a single resonance

mode, causing amplitude noise in the microcomb. When the pump detuning shifts from

blue to red, the intracavity field transitions into a mode-locked state, where the microcomb

propagates as soliton pulses within the microresonator. As shown in Fig. 2.10(a), soliton

states exhibit discrete intracavity power levels corresponding to the number of soliton pulses.

These step-like transitions in power are referred to as "soliton steps" or "soliton access range."

However, soliton steps are typically observed for only a few microseconds in the time domain

due to the strong thermal effects induced by the resonator material. Therefore, as described

in the next section, various methods for soliton generation have been developed.

2.2.4 Advances in soliton microcomb generation

Soliton microcombs are a transformative development in photonics, enabling applications

ranging from precision spectroscopy and optical communication to frequency metrology

and distance ranging. These devices rely on microresonators to generate coherent optical

frequency combs, with soliton states representing the most desirable operational regime

due to their low noise, high coherence, and robust spectral properties. However, achieving

soliton formation in microresonators presents substantial technical challenges associated

with thermal effects, dispersion management, and nonlinear optical dynamics.

The primary difficulty in soliton generation stems from the inherent thermal instability of

the microresonator. During soliton formation, the pump laser induces thermal effects as it

heats the microresonator, shifting the resonator’s resonance frequency. This frequency shift
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Fig. 2.10 Calcurated results of microcomb formation with an LLE (Equation (2.44)). The

parameters used are typical values for microtoroids with a diameter of 600 µm. (a) Intracavity

power is a function of pump detuning. (b) Microcomb spectra in the time domain (left column)

and in the wavelength domain (right column). There are mainly four states in the microcomb

which depend on the pump detuning: (i) CW state, (ii) Turing pattern state, (iii) chaotic state,

(iv) single soliton state.

can destabilize the conditions required for soliton formation. Moreover, the Kerr nonlinearity,

which is central to soliton formation, must be precisely balanced against the microresonator’s

group velocity dispersion. These conditions are highly sensitive to various parameters,

including pump power, laser detuning, and resonator material properties, rendering the

process complex and vulnerable to instability.

To address these challenges, researchers have developed several advanced techniques for

facilitating reliable soliton generation in microresonators. These methods focus on actively

managing the thermal dynamics and nonlinear interactions to guide the system toward stable

soliton states.

Frequency-scanning method In the frequency-scanning technique, the pump laser fre-

quency is gradually tuned across the resonator’s resonance, allowing the system to move from

chaotic comb states to soliton states. As the frequency is swept from the blue-detuned side

toward the red-detuned side, solitons emerge once a stable balance between Kerr nonlinearity

and GVD is established. Crucially, the scanning speed must match the resonator’s thermal

relaxation time (i.e. the thermo-optic response time). A scan that is too rapid may miss
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the soliton formation window, while an overly slow scan can lead to undesirable thermal

drift. This relatively simple approach has been widely implemented in fluorite crystal [15],

Si3N4 [60], and AlN [61] microresonators to reliably produce soliton microcombs.

Power-kicking method In microresonators with pronounced thermo-optic effects, the

available soliton steps in the resonance tend to be extremely short, often on the order of

submicroseconds. This makes it difficult for conventional tunable lasers to stabilize the

pump frequency precisely within these narrow windows. To overcome this limitation, a

"power-kicking" approach is employed, in which modulators control the pump power and

timing sequence with high precision [62, 63]. In this method, the pump laser first passes

through an erbium-doped fiber amplifier (EDFA) and an acousto-optic modulator (AOM)

before coupling into a microresonator. The AOM is used to reduce the pump power prior to

tuning into the resonance and subsequently increase the power within the soliton step near

the end of the thermal triangular signature. This power drop minimizes thermal nonlinearity

and enables a rapid transition to zero detuning. It is noted that this power modulation must

be carefully optimized in terms of timing, amplitude, and initial pump power in order to

generate reliable soliton microcombs.

While power kicking has proven effective in various proof-of-concept experiments,

including dual-comb spectroscopy [64] and microcomb-based ranging [65], the requirement

for multiple modulators and precision control circuitry can make the overall system more

complex, thereby complicating attempts at device miniaturization.

Fast-scanning method Fast-scanning involves rapidly tuning the pump laser frequency in a

manner that outpaces the resonator’s thermal response [66]. This strategy prevents thermally

induced resonance shifts from destabilizing the soliton formation process. By mitigating

the impact of thermal hysteresis, fast-scanning enables repeatable access to soliton states

without prolonged temperature-related drifts. Experimental work in Si3N4 microresonators

has shown that fast-scanning can be particularly beneficial in systems with pronounced

thermal effects or higher pump power levels.

Auxiliary laser method The auxiliary laser method addresses the thermal instability that

often complicates soliton microcomb generation by maintaining a steady level of intracav-

ity power throughout the tuning process [67]. Microresonators exhibit opposite thermal

responses depending on whether the pump light is in the blue- or red-detuned regime. As

the pump laser moves from blue- to red-detuned conditions, the intracavity heat typically

decreases dramatically, destabilizing the resonator and shortening the soliton existence range.
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By introducing a second (auxiliary) laser that remains in the blue-detuned regime, however,

this decrease in intracavity heat can be effectively compensated, thereby stabilizing the cavity

resonance and relaxing the strict timing requirements ordinarily needed for soliton formation.

In a typical configuration, the auxiliary and pump lasers are coupled into a microresonator.

First, the auxiliary laser is aligned to the resonance on the blue-detuned side, and then the

pump laser is gradually tuned into an adjacent resonance. Once the pump laser enters the

red-detuned regime, the drop in intracavity power is offset by the auxiliary laser, preventing

resonance shifts and enabling a stable transition from chaotic comb states to soliton states.

This approach ensures that the total intracavity power remains nearly constant, effectively

eliminating harmful thermal drifts.

Employing an auxiliary laser at around 1.3 µm has been shown to extend soliton steps by

two orders of magnitude [67], allowing robust soliton generation even via manual tuning of

the pump resonance at sub-milliwatt power levels. This technique has also proven effective

in other microresonator platforms, including silica [67, 55] and Si3N4 [68] resonators, and is

thus regarded as a robust and universal approach to stabilizing soliton generation. Beyond

thermal stabilization, the auxiliary laser offers additional degrees of freedom for exploring

microcomb dynamics. For instance, the frequency spacing between the auxiliary and pump

lasers can significantly influence the accessible microcomb states, while their beating may

create an optical lattice that facilitates soliton crystal formation [69].

In conclusion, many methods represent significant advances in soliton microcomb genera-

tion. By tackling the fundamental challenges of thermal instability and nonlinearity, they have

substantially enhanced the reliability and robustness of soliton states in microresonators. As

these techniques continue to mature, they are expected to accelerate innovations in integrated

photonics, enabling wider adoption of compact, high-coherence soliton microcombs for

next-generation applications.



Chapter 3

Fabrication and evaluation of

ultra-high-Q microresonators

In this thesis, I mainly use two types of microresonators: silicon dioxide microspheres and

silicon dioxide microtoroids. This chapter focuses on the fabrication processes of silicon

dioxide-based microresonators, which are critical components in integrated mode-locked laser

systems. Microresonators provide high-Q optical cavities capable of confining light within a

small volume, enabling enhanced light-matter interactions and facilitating ultrafast optical

phenomena. The primary goal of this chapter is to establish a systematic methodology for

fabricating high-quality microresonators, addressing the challenges of precision, uniformity,

and scalability.

The chapter begins by discussing the fabrication of silicon dioxide microspheres, which

serve as simple yet effective resonator structures with high-quality factors. It then transitions

to silicon dioxide microtoroids, whose toroidal geometry provides improved mode confine-

ment and versatility for integration into photonic systems. Detailed procedures for creating

these structures, including thermal reflow and surface tension-based reshaping, are outlined.

In this research, I use the sol-gel chemical fabrication technique to incorporate optical

gain into silica microresonators. Doping the silica matrix with erbium ions during the sol-gel

process enables precise control over the uniformity and concentration of the gain material

within the resonator structure. Subsequently, the chapter explores the fabrication of erbium-

doped silicon dioxide microspheres and microtoroids. The incorporation of erbium ions

introduces optical gain to the resonators, which is essential for achieving lasing at 1550 nm

of wavelength.
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3.1 Silicon dioxide microsphere

Microsphere resonators, one of the types of whispering-gallery-mode (WGM) microres-

onators, were first reported in 1939 [70]. Due to their relatively simple fabrication process,

these resonators have been widely studied and utilized in a variety of fields, including the

generation of microcombs [71], cavity quantum electrodynamics [72], microlasers [73–75],

and sensing applications [76]. Their ability to confine light with minimal losses and achieve

high Q-factors makes them particularly attractive for both fundamental research and practical

applications.

The fabrication of microsphere resonators is straightforward and involves the following

steps:

Preparation of the fiber: A segment of optical fiber, approximately 10 cm in length, is cut.

The protective polymer coating around the fiber end, where the microsphere will be formed,

is stripped off over a few centimeters to expose the bare silica core.

Polishing the fiber end: The cut surface is polished using a fiber cleaver to ensure that the

fiber end face is smooth and perpendicular to the fiber axis. This step is crucial for achieving

precise shaping in subsequent steps.

Heating and melting with a CO2 laser: The polished fiber end is exposed to a CO2 laser,

which melts the silica material at the tip. As the silica melts, surface tension causes it to form

a spherical shape. The laser power is gradually increased during this process to achieve the

desired geometry.

Shape optimization: The formation of the microsphere is continuously monitored using a

camera. The position of the CO2 laser beam is adjusted in real-time to refine the symmetry

and smoothness of the sphere, ensuring optimal optical performance.

In addition to using CO2 lasers, the fiber end can also be melted using arc discharge as

an alternative method. Arc discharge is often employed in cases where more straightforward

equipment is preferred.

Microscopic images of the fabricated microspheres are shown in Fig. 3.1(b). The fabri-

cation time for a single microsphere is approximately 5 minutes. The resulting resonators

have an average diameter of around 200 µm. Considering that the diameter of the cladding

in the optical fiber used is 125 µm, it is possible to enlarge the microsphere diameter to

approximately 400 µm through multiple exposures to the CO2 laser. Conversely, by etching
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the fiber end face with buffered hydrofluoric acid (HF), microspheres with diameters as small

as 70 µm can be produced [77].

By selecting microspheres without distortions or defects, it is possible to obtain resonance

spectra, as shown in Fig. 3.1(a), in the 1550 nm wavelength band. These microspheres exhibit

Q-factors exceeding 107 in this wavelength range. Fig. 3.1(b) presents a histogram of the

Q-factor measurements for approximately 400 resonances observed between 1540 nm and

1560 nm.
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Fig. 3.1 (a) Transmission spectrum measured from 1540 nm to 1560 nm. (b) Histogram of

the Q-factor measurements for approximately 400 resonances observed between 1540 nm

and 1560 nm. The inset shows a microscopic image of a fabricated microsphere resonator.

3.2 Silicon dioxide microtoroid

Silicon dioxide microtoroids were developed in 2003 by the California Institute of Technology

(Caltech) [78] and used to demonstrate microcomb generation in the first critical report

in 2007 by the Max Planck Institute for Quantum Optics (MPQ) [14]. The advantages

of microtoroids lie in their ability to combine ultra-high Q-factors (∼100 million) with
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a compact footprint, enabling strong light confinement and enhanced nonlinear optical

interactions.

Figure 3.2 shows that the microtoroid fabrication process consists of four main steps:

photolithography, wet Etching, dry Etching, and laser reflow. Each step plays a critical role

in ensuring the high precision and optical quality of the resonators. This section provides a

detailed explanation of each stage in the process.

SiO₂

Si

resist

photolithography wet etching
(BHF)

dry etching
(XeF

2
)

reflow
(CO

2
 laser)

Vaper etching

(XeF
2
)

Wet etching

(BHF)
Photolithography Laser reflow

Fig. 3.2 Schematic cross-section image of microtoroid fabrication.

3.2.1 Photolithography

Microtoroids are fabricated using silica film, which is prepared using thermally oxidized

silicon substrates. The process begins with photolithography, where patterns are formed

on the silica substrate. A negative photoresist, OFPR-800 LB, is applied, and a photomask

specifically designed for microresonator structures is used to define the desired patterns. The

detailed photolithography process is as follows.

Substrate preparation The cleaning process for the substrate starts by removing debris

using acetone, ethanol, and ultrapure deionized water in sequence, followed by drying with

an N2 blow gun. O2 plasma ashing is performed to remove organic contaminants that

adhere during substrate preparation. Additionally, since the substrate absorbs moisture from

exposure to the atmosphere, it is heated on a hot plate at 150◦C for 3 minutes to remove

residual moisture.

Photoresist coating The spin-coating method treats the substrate surface condition before

applying a negative photoresist with hexamethyldisilazane (HMDS). This process renders

the substrate surface hydrophobic. Without this treatment, the hydrophilic surface can allow

the developer solution, which contains water, to infiltrate between the photoresist and the

substrate during development. This infiltration causes the patterned photoresist to wash away,

as shown in Fig. 3.3
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After HMDS spin-coating, the substrate is baked at 130◦C for 90 seconds in a constant

temperature drying oven. This baking step ensures the HMDS molecules adhere to the

substrate surface, acting as a surfactant. Without this step, residual ammonia remains on the

surface, negatively affecting subsequent processing steps.

Next, the photoresist (OFPR-800 LB) is spin-coated onto the substrate, and a pre-bake

is conducted at 110◦C for 90 seconds in the drying oven. The purpose of pre-baking is to

evaporate solvents within the photoresist, improving adhesion between the photoresist and

the substrate. However, excessively high pre-bake temperatures alter the sensitivity of the

photoresist to UV exposure, so moderate temperatures are typically used. It is also crucial

to allow the photoresist to equilibrate to room temperature (∼ 25◦C) after being taken from

a storage environment (approximately 15◦C). Suppose the photoresist is still cold during

exposure and development. In that case, its photosensitivity decreases, leading to poor pattern

formation. Proper temperature management using a hot plate ensures these issues do not

occur.

200 ¿m

(a) (b)

Fig. 3.3 (a) The chemical reaction of HMDS coating on the silica surface renders the surface

from hydrophilic to hydrophobic. (b) A microscopic image of patterning issues occurred

after photolithography. The photoresist patterns lift during development, causing it to shift

from its intended alignment.

Exposure Exposure involves transferring the desired pattern from a mask to the photoresist

by irradiating it with light of a specific wavelength. This causes a chemical reaction that

either dissolves or retains the photoresist in the developer solution. This study uses a negative

photoresist, meaning the exposed areas remain after development.

Using the hard-contact method, I employ a mask aligner for exposure. A composite UV

lamp emits g-line, h-line, and i-line light. Exposure is carried out for 5–10 seconds, and the

time is carefully selected to ensure sufficient reaction for successful development.
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Development The development process, followed by rinsing, selectively dissolves the

photoresist’s exposed or unexposed areas in the developer solution to create the desired

pattern. In this process, I use the organic solvent NMD-W as the developer, followed

by rinsing with ultrapure deionized water to halt the reaction and eliminate any residual

developer. Insufficient rinsing leaves residual photoresist, potentially compromising the

pattern quality.

Following rinsing, I conduct a post-bake process at 130◦C for 5 minutes. This step

removes any residual solvents or developer solution and enhances the adhesion between the

photoresist and the substrate by promoting the polymerization of the photoresist material.

After the photolithography process, the height of the patterned photoresist pads ranges from

1 to 2 µm.

3.2.2 Wet etching

In photolithography, the patterned photoresist is a mask for wet Etching, a process used to

remove silica. Wet Etching involves using chemical solutions to corrode or dissolve the

material. This technique is widely employed in microsensors and micromachines, particularly

when etching depths range from several tens to hundreds of micrometers or when fabricating

three-dimensional structures.

Wet Etching can be categorized into isotropic and anisotropic types, significantly affecting

the etched cross-section’s shape. Generally, when etching proceeds through the mask opening,

the corrosion advances perpendicular to the surface (sidewall etching) and underneath the

mask (undercutting). In isotropic Etching, the etching solution uniformly supplies reactants

and removes by-products, resulting in equal etching rates in all directions. Conversely,

anisotropic Etching occurs when the workpiece material, such as single-crystal silicon or

quartz, exhibits a crystalline structure with inherent directional properties.

The choice between isotropic and anisotropic Etching is critical, as it directly influences

the precision and geometry of the final structure. Isotropic Etching is suitable for applications

requiring smooth, rounded profiles, while anisotropic Etching is essential for creating sharp,

well-defined edges and features. These characteristics make wet Etching a versatile tool in

microfabrication processes.

Etching with buffered hydrofluoric acid In the fabrication of silica microtoroids, buffered

hydrofluoric acid (BHF) is used as the etching solution. BHF is an aqueous mixture of

hydrofluoric acid (HF) and ammonium fluoride (NH4F), commonly utilized for etching silica

and for evaluating the quality of glass materials. The etching time is estimated based on
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the etching rate, which varies depending on the solution’s temperature. A thermostatic bath

maintains the solution at 25◦C, and the etching rate is approximately 100 nm per minute.

Due to the hazardous nature of hydrofluoric acid in the solution, strict safety measures

are implemented. Specialized gloves are worn, and all handling is conducted with utmost

caution to minimize risks during the process.

Photoresist removal After reacting the substrate with BHF for the estimated time, the

substrate is removed from the solution and carefully rinsed with ultrapure deionized water

to eliminate any residual acid. The substrate is then dried using an N2 blow gun to remove

moisture. At this stage, the photoresist pads remain intact on the silica surface. These

are subsequently removed using an organic solvent. The substrate is immersed in acetone

and subjected to ultrasonic cleaning for 3 minutes to dissolve and remove the photoresist

completely.

A critical consideration during this wet etching process is the potential for particles to

adhere to the silica pattern, leading to defects (Fig. 3.4(a), (b)). To mitigate this, thorough

cleaning with ultrapure deionized water between each process step is essential to maintain

the integrity of the silica pattern and prevent contamination. In addition, the smooth surface

of the limb of the photoresist is also important to fabricate high-Q microresonator [79, 80].

Figure 3.4(e) shows a rough surface of a photoresist after the photolithography process. This

micrometer roughness causes the surface roughness of the disk surface, leading to surface

scattering loss. To solve this issue, post-exposure baking (PEB) is applied because it can

facilitate the cross-linking of the polymer chains, making the surface smooth even after the

development and the wet etching processes.

3.2.3 Vapor etching

Vapor etching includes isotropic Etching through chemical reactions, as exemplified by

silicon etching with xenon difluoride (XeF2) gas and Etching using plasma-activated gases.

In this study, the disk resonators are realized by under-etching the silica pads with XeF2 gas.

In the reaction between XeF2 and Si, XeF2 dissociates into Xe and F on the Si surface.

The F radicals then directly interact with the Si atoms, facilitating the etching process. The

reaction begins with the adsorption of fluorine on the silicon surface [81, 82]:

XeF2(gas)+Si → XeF2(ads)+Si, (3.1)

XeF2(gas)+Si → Xe(ads)+2F(ads)+Si. (3.2)
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Fig. 3.4 (a) A microscope image showing defects near the patterned region after development.

(b) A microscope image after wet etching with particles. (c) and (d) Fabrication results using

the same process but with more careful cleaning steps. (e) A SEM image illustrating rough

edges in the photoresist pattern boundary. This micrometer roughness causes the surface

roughness of the disk surface, leading to surface scattering loss and low-Q.

Next, silicon tetrafluoride (SiF4) is formed as a product and desorbs from the surface.

4F(ads)+Si → SiF4(ads), (3.3)

SiF4(ads) → SiF4(gas). (3.4)

Finally, residual by-products are removed from the reaction chamber.

XeF(ads) → XeF(gas). (3.5)

Summarizing equations 3.1 through 3.5, the overall reaction can be expressed as:

2XeF2 +Si → 2Xe+SiF4. (3.6)

This reaction sequence illustrates the stepwise etching process, from initial fluorine

adsorption to removing reaction products, ultimately achieving isotropic Etching of silicon.

Etching with XeF2 gas is characterized by its extremely high selectivity for the target material.

For silicon and silica, the selectivity ratio is as high as Si : SiO2 = 1000 : 1. This means

that while silica remains unaffected, silicon undergoes Etching, enabling the undercutting

process. However, XeF2 reacts with H2O to produce HF, which can etch SiO2. If moisture is

present on the substrate, the generated HF may compromise the integrity of the silica layer.
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To mitigate this, it is crucial to thoroughly dry the substrate and remove residual moisture

through vacuum processing.

The etching process uses a XeF2 gas etching system (Samco VPE-4F). This system

operates by introducing XeF2 gas into a vacuum chamber, releasing it for a defined period,

and then evacuating the chamber in repeated cycles. Following this process, a structure

consisting of a silica disk resting atop a silicon pillar is formed. While this structure already

functions as a silica disk resonator, the surface roughness remaining after vapor etching—on

the order of 100 nm results in a relatively low Q factor.

To achieve a high-Q microtoroid, the surface roughness must be significantly reduced.

This necessitates the next step in the fabrication process: CO2 laser reflow, which is described

in the following section. The reflow process smooths the silica surface, enabling the creation

of high-Q resonators suitable for advanced photonic applications.

3.2.4 Laser reflow

The CO2 laser reflow process involves irradiating a silica disk, undercut from its silicon

pillar, with a CO2 laser from above. This process melts the outer edge of the silica disk,

smoothing its surface and transforming it into a toroidal shape. Silica strongly absorbs the

CO2 laser wavelength (10.6 µm) due to its significantly higher absorption coefficient than

silicon. Additionally, silicon’s high thermal conductivity facilitates heat dissipation from the

central region of the silica disk, which is in contact with the silicon pillar. In contrast, the

disk’s outer edge retains heat, reaching its melting point, while the central region remains

solid. This localized melting results in the formation of a donut-shaped silica microtoroid.

Precise control of heat accumulation is crucial for forming effective waveguide structures

at the disk edges. Therefore, the depth of vapor etching must be carefully adjusted, ensuring

that the diameter of the silicon pillar is reduced to approximately 60% of the silica disk

diameter before the reflow process begins.

In this study, the CO2 laser parameters are set within the following ranges: power of

10–25 W, spot size of 300–500 µm, and irradiation time of 1–3 seconds. These parameters

are adjusted based on the diameter of the silica disk being processed. During irradiation,

a visible-light camera monitors the sample, focusing on the formation of the waveguide

structure at the disk edge. This real-time observation is essential for optimizing the laser

parameters to achieve the desired geometry.

For disks with diameters exceeding 800 µm, the relationship between the laser’s power

and spot size makes direct reflow challenging. To address this, the sample holder is rotated

to ensure uniform laser exposure around the disk’s outer edge, enabling the successful
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fabrication of sub-millimeter-scale microtoroids. This controlled reflow process produces

high-Q silica microtoroids with smooth surfaces.

500 ¿m

100 ¿m

(a) (b) (c)

10 ¿m

Fig. 3.5 (a) A top-view (upper panel) and angled-view (lower panel) SEM image of a

patterned silica pad on a silicon wafer with a diameter of 500 µm. (b) An SEM image of

disk resonators (50 µm diameter) after XeF2 vapor etching process. The inset image is an

enlarged view of one of the disk resonators. (c) A fabricated silica toroidal microresonator

with a diameter of 40 µm.

3.2.5 Microcomb generation in silicon dioxide microtoroid

This section examines the measurement of the soliton access range (soliton step) at the

1550 nm band using the setup shown in Fig. 3.6 and a silica microtoroid with a quality factor

of 4×108, has a diameter of ∼ 200 µm. A fiber laser (Koheras AdjustiK E15) with a 0.1 kHz

linewidth serves as the pump source, and an EDFA amplifies the output light before it enters

the resonator through a tapered fiber. A coupler separates the transmission signal, which

an OSA monitors in the wavelength domain. Simultaneously, an FBG and an oscilloscope

measure the waveforms of the pump and comb light in the time domain.

Figure 3.7 presents the observed soliton steps under these conditions. The input power is

20 mW, and the pump laser sweep rate is 1 MHz/µs. The soliton step duration is extremely

short, lasting only 2 µs. Additionally, the number of steps varies with each scan, revealing

the coexistence of single-soliton and multi-soliton states.

To extend the soliton step and access the soliton regime, we employ the auxiliary laser

method that is commonly used in silica microresonators. The auxiliary laser method, which

compensates for thermal effects inside the resonator, is used to expand the soliton access

range. Figure 3.8 shows the schematic of the experimental setup. A 1550 nm fiber laser is

used as the pump laser for generating a soliton frequency comb. A 1480 nm tunable laser

is used as an auxiliary laser to compensate for changes in the thermal shift in the resonator.

We choose a microtoroid with 300 µm diameter to generate optical frequency comb. The
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Fig. 3.6 Experimental setup for soliton step measurement. FG, function generator; EDFA,

erbium-doped fiber amplifier; MZI, Mach Zehnder interferometer; FPC, fiber polarization

controller; OSA, optical spectrum analyzer; FBG, fiber Bragg grating; ATT, attenuator; PD,

photodiode; OSC, oscilloscope.

Fig. 3.7 (a) Measured intracavity power in the time domain (blue) and generated comb power

(green). The input power is 20 mW, and the pump laser sweep rate is 1 MHz/µs. (b) An

enlarged view of (a), showing a trace of the narrow soliton step with a duration of 2 µs.
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pump optical mode has a Q factor of 4×108, while the chosen auxiliary optical mode has a

Q factor of 1×108 in 1480 nm. At the tapered fiber coupled resonator output, the auxiliary

and pump lights are separated by another WDM. For 1550 nm, one part of the path is sent

to an optical spectrum analyzer (OSA), and the other path is sent into a fiber Bragg grating

(FBG) filter to separate the generated comb power from the pump light. The auxiliary light

is monitored by another photodiode.

Koheras
(1550 nm)

FBG

OSA

MZI

Cav.

ATT

ATT PD

PD

PD

Pump

Comb

10

901

99

TSL 710
(1480 nm)

FG

ATT PD

EDFA

EDFA

WDM WDM

Fig. 3.8 Experimental setup to extend the soliton access range in silica microtoroid by using

an auxiliary laser to compensate the resonator’s thermal effect.
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Fig. 3.9 (a) Experimental result of the 1550 nm intracavity power when scanning the pump

laser frequency from blue to red detuning without auxiliary laser. The top panel indicates

the transmission spectrum, the middle panel shows the intracavity power, and the bottom

panel is a signal from MZI. (b) Enlarged views of the blue box region in (a). At the end of

the triangle shape in the middle panel, the soliton step ranging ∼ 500 kHz is observed.

Soliton mode-locked states are generated by scanning the pump laser frequency from

blue detuning to red detuning. The measured intracavity power of the generated comb has a

triangular shape, as shown in Fig. 3.9(a). The pump wavelength, optical power, and laser

scan speed are ∼ 1550 nm, ∼ 75 mW, and ∼ 5 MHz/µs, respectively. The width of the

shifted resonance (top panel of Fig. 3.9(a)) is ∼ 700 MHz. As shown in the middle panel of
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Fig. 3.9(a) corresponding to the intracavity power, the soliton range (soliton step) is observed.

Fig. 3.9(b) shows a zoom into a soliton range without the auxiliary laser with a width of

500 kHz.

Here, an auxiliary laser (1480 nm) is used to expand the soliton range. Fig. 3.10(a)

and (b) show the experimental results without/with the auxiliary laser. When the auxiliary

laser with ∼ 100 mW is simultaneously coupled into the resonator, the length of the soliton

range is significantly extended by a factor of 10, exceeding 6 MHz. As a result, with the

auxiliary laser, the soliton range can last for 100 µs, which is 20 times longer duration than

that without the auxiliary laser. Additionally, as shown in Fig. 3.10(c), the intracavity power

from both the pump (green) and the auxiliary laser (red) exhibits a step-like waveform within

the soliton range. This indicates that thermal compensation occurs in this regime.
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Fig. 3.10 Experimental traces of the 1550 nm intracavity power (a) without the auxiliary laser

and (b) with the auxiliary laser. The pump laser scanning speed is ∼ 5 MHz/µs and pump

power is ∼ 75 mW. After the auxiliary laser with ∼ 100 mW coupled into the resonator, the

width of the thermal tringle is narrowed to ∼ 10 MHz, while the soliton range is extended

from ∼ 500 kHz to ∼ 6 MHz. (c) The intracavity power excited by the pump laser (green) and

the auxiliary laser (red). The auxiliary laser (1480 nm) passively compensates for changes in

the intracavity power of the pump laser (1550 nm).

3.3 Saturable absorber deposition to microresonators

In this section, we developed a fabrication method for depositing a saturable absorber (SA)

onto a microresonator. We have already reported the saturable absorption of CNTs on a

silica toroid microcavity grown on a cavity surface by using chemical deposition (CVD) [83].

However, it was somewhat challenging to control the quantity of CNTs with this method,

which is critical if we want to develop a mode-locked laser. Here, we use two different
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approaches. The first one is that CNTs are dispersed in the Polydimethylsiloxane (PDMS)

polymer and then coated on a microcavity. This approach is advantageous since we can

control the quantity of CNTs, which means that we can precisely control the linear and

nonlinear loss. The other is that the few layers of graphene are directly transferred onto the

surface of a microresonator. This method allows graphene to be transferred to any desired

location on the resonator, and two-dimensional materials such as graphene minimize linear

losses.

3.3.1 Polydimethylsiloxane coating

We start with ultrasonicated CNTs made in isopropanol with the high-pressure CO (HiPco)

method [84], where PDMS is added step-by-step to the solution, thus allowing the viscosity

to increase gradually. Then, the isopropanol (boiling point of 83◦C) is slowly evaporated

while the solution is kept at 70◦C for 48 hours to prevent rough surfaces with holes [85].

Finally, the CNT/PDMS droplets are transferred to the fabricated silica toroid microcavity

with the method shown in Fig. 3.11.

Fig. 3.11 Images of CNTs dispersed in PDMS and coated on the silica microtoroid with a

diameter of 70 µm. We attach the CNT/PDMS droplets to a thin fiber (10-µm-diameter) and

coat it on a resonator by bringing the resonator closer to the fiber.

The thickness of the CNT/PDMS coating layer is determined by calculation. Fig-

ure 3.13(a) shows the relationship between the thickness of the PDMS coating layer and

the Q-factor analyzed using FEM (COMSOL Multiphysics). The coating layer thickness

is calculated from the absorption limit of the PDMS layer in three different dispersed CNT

concentrations. Based on the results for 0.03 mg/ml and 0.24 mg/ml, the coating layer

thickness is determined to be approximately 160 nm.

The SA of a CNT/PDMS coated microcavity with 0.24 mg/ml CNTs is measured. We

developed a CW pump-probe method (Fig. 3.12(a)), where the frequencies of both the pump

and probe are simultaneously scanned but at different sweep speeds (a slow sweep speed

for the pump and a fast sweep for the probe that measures the Q). Fig. 3.12(b) and (c) are

schematic illustrations of this method. The pump light gradually enters the cavity due to
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the thermal shift. Then, by scanning the probe light fast, the Q-factor can be measured at

different coupling pump powers. The Q of the cold cavity is 1.3× 106, where the value

increases to 1.8×106 when the pump is coupled to the cavity.

The result is summarized in Fig. 3.13(b), where clear SA is observed. As the pump

light gradually enters the cavity, the intracavity power increases, the absorption of the CNTs

weakens, and the Q-factor rises. Then to replace the increase in the Q-factor with the

absorption coefficient, we measure the saturable absorption. The saturation intensity is 15

MW/cm2, and the modulation depth per round trip is 3.2×10−3.

pump

probe

(a)

(b) (c)

Fig. 3.12 (a) Experimental set-up for the saturable absorption measurement of a CNT/PDMS

coated silica microtoroid. (b) A schematic illustration of scanning wavelengths of pump and

probe light in the time domain. (c) A schematic illustration of the transmittance of pump

and probe light in the time domain. This scanning method allows us to measure Q-factors at

different coupling pump powers.

3.3.2 Graphene transferring

The coating method using CNT/PDMS allows for the measurement of the SA in microres-

onators; however, the absorption of PDMS significantly reduces the Q-factor to the order

of 106. To address this issue, we introduced a graphene transfer method. In this approach,
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Fig. 3.13 (a) The relationship between the thickness of the PDMS coating layer and the

Q-factor is analyzed using FEM. The blue, purple, and yellow lines represent the calculated

results for CNT concentrations of none, 0.03 mg/ml, and 0.24 mg/ml, respectively, while

the dashed lines indicate the Q-factors obtained from experiments. Based on the results for

0.03 mg/ml and 0.24 mg/ml, the coating layer thickness is determined to be approximately

160 nm. The inset image shows the mode cross-section of the PDMS-coated toroid resonator.

(b) The relationship between intensity and absorption coefficient of a CNT/PDMS coated

silica microtoroid. The blue dot is the experimental result, and the green line is a fitting curve.

A clear SA is obtained, with a saturation intensity of 15 MW/cm2 and a modulation depth

per roundtrip of 3.2×10−3.

few-layer highly oriented pyrolytic graphene (HOPG) is exfoliated using the Scotch tape

method with mechanical cleavage and subsequently transferred onto the microresonator

using a PDMS sheet. Figure 3.14 shows a microscope image of a microsphere resonator

before and after the graphene transfer, while Figure 3.15 presents an SEM image of a toroid

resonator following the same process. Before the transfer, the average Q-factor of the toroid

resonator at the 1550 nm band is 1.5× 107, which decreases to 9× 106 after the transfer.

Additionally, in the high-Q mode, the Q-factor decreases from 8×107 to 4×107. Compared

to the CNT/PDMS method, this approach minimizes the reduction in the Q-factor while

incorporating the SA material.
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Transferred graphene

Fig. 3.14 Microscopic images of a microsphere resonator (a) before and (b) after graphene

transferring. A few layers of graphene are clearly obtained on the surface of the microsphere

with a diameter of 400 µm.

10 µmPDMS PDMS 10 µm

(b)(a)

50 µm

(c)

Fig. 3.15 Optical microscope images of the few-layer graphene on PDMS (a) before and

(b) after transferred to the microtoroid. When graphene is transferred onto the surface of

the microtoroid, the number of graphene layers on the PDMS, as shown in (b), decreases

compared to the original graphene shown in (a). (c) An SEM image of the transferred

graphene on the microresonator.
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3.4 Introduction to the sol-gel method

In recent years, on-chip photonic integrated devices with optical gain and utilizing rare-earth

ions and semiconductor materials have attracted considerable attention [86–89]. Of these,

waveguide amplifiers doped with erbium ions have become particularly notable due to their

compact size and high efficiency [90, 91], which has brought gain-doped photonic integrated

circuits closer to practical realization. Low-loss microcavities with optical gain also offer

chip-scale passive mode-locked lasers [92] by incorporating nanomaterials [83, 76, 93] that

work as saturable absorbers. Another example of photonic integrated devices with gain

utilizes non-Hermitian physics [94–99], particularly phenomena such as exceptional points.

Recent studies have demonstrated that non-Hermitian systems enable us to realize enhanced

functionalities, such as improved control over light propagation [100], loss management [101,

102], and enhanced sensor sensitivity [98, 99]. Specifically, in coupled whispering-gallery-

mode (WGM) resonator systems, a gain-doped resonator is often paired with a passive

resonator [102]. With this configuration, there is a contrast between gain and loss that

depends on the light propagation direction. This has led to several intriguing studies including

research on controlling the laser emission direction, suppressing optical modes, and achieving

passive mode-locking [103].

Incorporating ions into existing photonic structures is typically achieved through ion

implantation [90], a process in which ions are accelerated under an electric field and directed

into a substrate material. This technique allows the precise doping of the material to modify

its optical properties. However, a significant drawback of ion implantation is that it can

increase losses in waveguides and resonators, as the process may introduce defects and

damage to the crystal lattice of the host material [104]. Annealing is generally required after

ion implantation to repair these defects; however, it also presents challenges, such as ion

diffusion and potential thermal damage due to internal stress.

In contrast, the sol-gel process [105, 106, 22, 45, 107] is a method for fabricating oxide

solids by dissolving organic or inorganic metal compounds in a solution, facilitating hydroly-

sis and polycondensation reactions within this solution, and further inducing solidification

through heating. This technique is predominantly utilized in producing fibers such as silica-

alumina, quartz, and alumina fibers in applications involving reflective coatings and other

types of coating films [107, 108]. This method is initiated with a solution and progresses

through a colloidal state containing fine particles, known as "sol," and transitioning through

a "gel" phase with both liquid and gaseous inclusions between solid molecules. This process

ultimately allows for the creation of glass or ceramic materials.
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3.4.1 Sol-gel reaction

In the sol-gel method, the process begins by selecting a metal alkoxide corresponding to

the desired oxide. Then, alcohol is added to prepare a mixed solution. Subsequently, water

required for hydrolysis, along with an acid or base as a catalyst, is added as an alcohol

solution to prepare the starting sol. The acid not only accelerates the reaction but also

suppresses the formation of precipitates, thereby ensuring a homogeneous solution.

Under acidic conditions, the silica network forms a polymer-like structure [109], which

promotes dense bonding during the heating process, making it easier to create thin films. In

contrast, under basic conditions, the silica network remains relatively short, forming colloidal

particles in the sol [109]. After heating, this results in a porous structure. Therefore, to

fabricate uniform silica thin films in this study, the sol is prepared under acidic conditions

using hydrochloric acid (HCl) as the catalyst.

For the fabrication of silica using the sol-gel method, tetraethyl orthosilicate (TEOS) is

commonly used as the metal alkoxide. The chemical reactions involved in this process start

with the hydrolysis reaction.

nSi(OC2H5)4 +4nH2O → nSi(OH)4 +4nC2H5OH. (3.7)

Simultaneously, a condensation reaction occurs:

nSi(OH)4 → nSiO2 +2nH2O. (3.8)

Combining the two reactions, the overall process can be expressed as:

nSi(OC2H5)4 +nH2O → nSiO2 +4nC2H5OH. (3.9)

For every 1 mol of TEOS, 4 mol of H2O are theoretically sufficient. However, it is important

to note that the pathways of the hydrolysis and condensation reactions vary significantly

depending on the conditions of the solution. Consequently, the schematic image of the sol-gel

thin film coating process on the target is shown in 3.16.

The sol-gel method, with its unique reaction mechanisms, offers several advantages in

optics. These include the ability to synthesize materials at low temperatures, achieve a high

degree of uniformity, produce glasses and ceramics with customizable compositions, and

achieve higher production efficiency compared to methods like sputtering or chemical vapor

deposition (CVD). The most noteworthy advantage is the capability for low-temperature

synthesis.
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Fig. 3.16 Schematic illustration of the sol-gel reaction. In the precursor containing erbium

ions, hydrolysis and polycondensation reactions occur over the stirring time, leading to the

formation of an incomplete silica network. After coating onto the substrate, organic solvents

and water are removed during the annealing process, resulting in a denser silica thin film.

Traditional glass fabrication methods, such as quartz fusion and CVD, require tempera-

tures around 2000◦C. In contrast, the sol-gel method enables the fabrication of silica glass at

temperatures below 1100◦C, which is lower than the glass transition temperature of silica.

M. Yamane et al. [110] reported that the density, refractive index, and thermal expansion

properties of silica glass fabricated using the sol-gel method are very similar to those of silica

glass produced by quartz fusion.

In this study, a similar observation is made. For the fabrication of smooth silica films,

an annealing temperature of 1000◦C was sufficient. This demonstrates the sol-gel method’s

ability to produce high-quality silica thin films under significantly lower thermal conditions,

making it an efficient and practical choice for optical applications.

3.4.2 Sol-gel thin film deposition and troubleshooting strategies

Sol-gel thin film deposition process

This section provides an overview of the method for fabricating sol-gel silica films on silicon

substrates (Fig. 3.17). It explains the defects that can occur at various stages of the film

formation process. Fabricating sol-gel thin films involves five major steps: solution mixing,

silicon substrate cleaning, spin coating, short annealing, and long annealing. The spin coating

and short annealing steps can be repeated for multilayer films to allow us to stack multiple

layers.
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(a) (b)

Fig. 3.17 (a) A sol-gel solution prepared by mixing with a tetraethyl orthosilicate, ethanol,

and H2O under acidic conditions. The erbium ions are mixed into this solution. (b) A

photograph shows a sol-gel thin film-coated quartered 3-inch silicon wafer without defect.

Previous studies have reported various parameters that allow the successful fabrication

of thin glass films using the sol-gel method for optical devices (Table 3.1). However,

because temperature and humidity can significantly impact the film deposition process, these

parameters may not directly apply to all experimental environments. Therefore, it is crucial

to understand how inappropriate parameters can lead to the appearance of specific failure

defects. This study emphasizes fundamental fabrication methods and examines potential

defects that may arise in the films due to improper process parameters.

The sol-gel thin film process flow is shown in Fig. 3.18. The preparation of the sol-gel

solution begins with a tetraethyl orthosilicate (TEOS) : ethanol : H2O ratio of 5.0 : 5.0 : 2.0.

Acidic conditions are established by using hydrochloric acid to adjust the pH to around 1.

Once the solution has been prepared, it is stirred for 30 min at 70◦C to facilitate the reaction

and then aged at room temperature for 1 h. This aging process promotes the formation

of stronger siloxane bonds, enhancing the resulting material’s stability and strength. Next,

the substrate is cleaned with ethanol, heated at 150◦C for 3 min, and subjected to plasma

ashing. The cleaned substrate is then placed in a spin coater, and the coating is applied at

4000 rpm for 50 sec. This is followed by 10 min of pre-annealing in a nitrogen atmosphere

in an annealing furnace at 1000◦C. The final step involves annealing for 1 h under the same

conditions as the pre-annealing process. This process allows for the formation of a uniform

sol-gel silica film with a thickness of approximately 300 nm. Repeating the coating and

pre-annealing steps for thicker silica films enables the creation of films that are several µm

thick [111].



60 Fabrication and evaluation of ultra-high-Q microresonators

Table 3.1 Various conditions for fabricating sol-gel thin film

Parameter
L. Yang

(2005) [45]

L. Yang

(2005) [112]

F. Sigoli

(2006) [111]

H. Hsu

(2009) [113]

A. Maker

(2012) [114]

H. Choi

(2018) [46]
Our work

Water/TEOS

(MTES)

molar ratio

1-2 − − 2 − − 4.6

Stirring time 3 h 1 h 24 h 2 h −
2 h,

24 h (aging)

30 min,

1 h (aging)

Cosolvent 2-propanol Ethanol Ethanol, PVA Ethanol Ethanol Ethanol Ethanol
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Fig. 3.18 The sol-gel thin film deposition process flow and common defects.
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However, producing defect-free films is not guaranteed under the described parameters,

as the fabrication environment also plays a critical role. Adjustments must be made to

account for ambient temperature, humidity, and variations in equipment, such as the stirrers

and annealing furnaces used in the fabrication process. Achieving uniform sol-gel films

requires careful optimization of parameters such as solvent type, stirring time, and annealing

conditions, all of which can vary considerably. Therefore, it is highly useful to understand

troubleshooting strategies for addressing defects that may arise.

Figure 3.19 illustrates the types of defects that can occur in sol-gel films at various stages

of the fabrication process. We found that these defects can be broadly categorized into three

distinct types. In the following subsections, we will discuss the causes and potential solutions

for each type of defect.

De-weting pattern

In the context of sol-gel films on substrates, an agglomeration state resembling raised droplets

is referred to as a de-wetting condition (Fig. 3.19(a)), and it typically forms a hemispherical

shape [115]. This defect has two primary causes. The first is an unsuitable substrate surface

condition. If the substrate surface is not adequately cleaned and remains hydrophobic, the

surface tension of the solution causes it to form droplet-like shapes. The second cause is the

incomplete reaction of the solution. When the reaction time is too short, the polycondensation

reaction remains incomplete, preventing the formation of a proper silica network.

If de-wetting occurs, the most effective solution is to improve the substrate surface

treatment. An essential step is to perform sufficient plasma ashing (e.g., 1 min) before

spin-coating the sol-gel solution, which removes organic contaminants from the substrate

surface and increases its hydrophilicity. Additionally, the reaction time of the initial solution

should be carefully adjusted.

Peeling pattern

As shown in Fig. 3.19(b), thin, mesh-like peeling can occur. A cross-sectional SEM image

of this substrate is shown in Fig. 3.19(c). This phenomenon arises when the layers do not

bond properly with each other. A poorly hydrophilic substrate surface is a primary cause of

inadequate bonding between sol-gel layers. Additionally, while substances evaporated during

annealing are generally removed, residual organic materials that are not fully eliminated can

remain on the surface [116]. These residues interfere with the formation of vertical silica

networks, leading to the observed peeling pattern.
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Fig. 3.19 Defects observed during sol-gel silica film deposition. Each image shows a different

defect pattern: (a) a microscopic image of a de-wetting pattern (with the inset showing a

magnified image), (b) a microscopic image of a peeling pattern, (c) a cross-sectional SEM

image of a peeling pattern, (d) and (e) microscopic images of two types of cracking pattern.

These patterns represent common issues encountered in thin film fabrication, resulting from

different underlying causes.

A practical solution to this issue is to perform O2 plasma ashing on the substrate surface

before each layer is spin coated. Plasma ashing effectively removes organic residues, ensuring

better adhesion between layers. When using this method, we observed no delamination, even

when stacking multiple layers of films.

Cracking pattern

Among the observed defects, the most common is a pattern of cracks, as seen in the mi-

croscopic images in Figs. 3.19(d) and 3.19(e). These cracks are caused by excessive film

thickness after spin coating, which leads to defects during annealing. As the sol-gel so-

lution is spin-coated and then annealed, the solvent evaporates from the film, resulting in

densification of the silica network and a reduction in film volume. If the annealing tem-

perature is too low, this volume reduction induces structural instability, which results in

cracks or delamination. Conversely, structural relaxation is more likely at high annealing

temperatures of around 1000◦C, which promotes uniform film formation. Therefore, it is

preferable to place the coated substrate in a preheated annealing furnace rather than gradually

increasing the temperature. Additionally, since the glass transition temperature of sol-gel

films is approximately 600◦C [117], the annealing temperature should exceed this threshold.

Volume shrinkage during annealing can reach up to 20%, so each coating layer should be

thin enough to allow structural relaxation to compensate for shrinkage. In this study, each

layer is approximately 300 nm thick.

In Fig. 3.19(d), although the mixing ratio of the starting solution is optimal, an extended

reaction time of 3 h results in an excessively thick film, which induces stress and contributes
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to crack formation. An uneven film thickness or significant variations during spin coating can

also cause these patterns. This unevenness arises from differences between the centrifugal

forces at the center and the edges of the substrate during spin coating, which affect the solvent

evaporation rate from the sol-gel solution. Evaporation begins as soon as the solution is

dropped onto the silicon substrate and intensifies as the substrate spins, leading to a thickness

difference of about 150 nm between the center and edges. Therefore, careful control of the

solution’s reaction time and spin-coating conditions is essential.

In Fig. 3.19(e), we observe patterns resembling "jigsaw puzzles" which we attribute

to differences in water content in the starting solutions [118]. For this sample, the molar

ratio of H2O to TEOS in the starting solution is 3.0. According to the reaction formula

(Fig. 3.16) and reaction efficiency, more than 4 moles of water per mole of TEOS are needed

for a proper reaction. The cracks in this sample can thus be attributed to insufficient water

content. This deficiency hinders the formation of the silica network, which is essential for

structural integrity, as insufficient water limits the formation of the siloxane bonds (Si–O

bonds) necessary for a robust silica network. Consequently, island-like cracks form, with

larger island sizes observed in solutions with higher water content.

3.5 Erbium-doped silicon dioxide microtoroid

3.5.1 Film evaluation and microresonator fabrication

We fabricated an erbium-doped microtoroid after confirming the high quality of the defect-

free ion-doped sol-gel film deposited on a silicon wafer. The fabrication process, illustrated in

Fig. 3.20(a), follows a conventional photolithographic approach. As shown in Fig. 3.21, the

microtoroid has a diameter of 60 µm and an erbium ion concentration of 2.0×10−18 cm−3,

comparable to commercial erbium-doped fibers.

Additionally, when a microtoroid is fabricated using a sol-gel thin film without erbium

ion doping, it exhibits a Q-factor of approximately 107, similar to microtoroids made from

thermally oxidized films [78].

It is important to note that, due to the limited thickness of sol-gel thin films, the fabrication

method reported in previous studies is suitable for resonators with diameters of about 100 µm

or less. The method described in the next section should be employed for larger toroid

resonators.
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Fig. 3.20 (a) Schematic illustration of the process flow for fabricating a rare-earth ion-doped

silica toroid from a thin sol-gel film. (b) Alternative fabrication method for a rare-earth

ion-doped silica toroid by coating the surface of a pre-fabricated toroid with a sol-gel film.

60 ¿m

Vaper etching

(XeF
2
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Fig. 3.21 Top-view microscopic images of a fabrication process and its corresponding process

flow. A 60-µm-diameter Er3+-doped microtoroid is fabricated from a sol-gel film with a

thickness of 2.4 µm, coated in 8 layers, using a conventional process.
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3.5.2 Coating the cavity for large-size Er-doped microtoroid fabrication

Fabrication

Next, we coated microstructures with sol-gel films. As shown in Fig. 3.20(b), the process flow

involves coating a microdisk resonator with a sol-gel thin film and reflow using a CO2 laser.

When fabricating state-of-the-art silica disks or silica toroid resonators, as shown in Fig. 3.22,

increasing the resonator diameter often results in buckling due to the mismatch between

the thermal expansion coefficients of the silica film and the silicon substrate [119, 120]. To

prevent buckling, it is known that the silica film thickness must exceed 5 µm. However, since

each sol-gel thin film layer is limited to approximately 300 nm per coating, fabricating such

a resonator using the method in Fig. 3.20(a) presents a challenge.

100 ¿m

(a)

(b)

Fig. 3.22 (a) Top-view microscopic images of buckled silica disks (600 µm diameter and

2 µm silica film thickness). When the etching depth increases, the number of buckling

distortions decreases. (b) A SEM image of a buckled silica disk resonator.

On the other hand, direct coating onto the silica disk resonator can circumvent the issue

of buckling. In this experiment, we fabricated disk resonators with a diameter of 600 µm

using an 8 µm thick thermally oxidized silica film, and no buckling was observed in these

resonators. For coating, we used a spin coater set at 4000 rpm for 45 s, followed by annealing

at 1000◦C for 1 h. The fabricated device is shown in Fig. 3.23(a). The Q-value of the disk

resonators before and after coating remained high at 1.2×106, indicating that the coating has
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no impact on the resonator’s performance. This coating method has significant potential for

various applications, as it allows for ion activation without altering the resonator’s quality.

Defects, as shown in Fig. 3.23(b), can occur during spin coating; however, coating without

cracks is achievable by establishing an ethanol atmosphere inside the spin coater [121, 122].

Defects occur during coating due to non-uniform film thickness. Spin coating under an

ethanol atmosphere is performed to achieve uniform film thickness.

After successfully obtaining the sol-gel activated silica disk, we employed CO2 laser

reflow, reducing the diameter to approximately 450 µm (Fig. 3.23(c)), as estimated from the

measured free spectral range.

(a) (b) (c)

Fig. 3.23 (a) Silica microdisk coated with sol-gel film. (b) Silica micrdisk coated with sol-gel

film but without ethanol atmosphere. (c) After reflowing (a).

3.5.3 Optical measurement of the sol-gel coated microtoroid

Lasing property

Using the resonator fabricated with the conventional method, we perform continuous-wave

(CW) excitation at the 1480 nm band. We split the transmitted light from the resonator using

a splitter and detect it with a power meter and an optical spectrum analyzer. The Q-factor of

the resonator at the 1480 nm band measures 2.0×106. When we excite the resonator near a

resonance wavelength of 1480 nm, we observe lasing oscillation at the 1550 nm band, as

shown in Fig. 3.24(a). The wavelength spacing of the multimode lasing matches the FSR of

10 nm.

We also investigate the output-input curves for different doping concentrations, as shown

in Fig. 3.24(b). When we vary the doping concentration from 0.85× 1018 cm−3 to 1.7×

1018 cm−3, the lasing efficiency increases from approximately 0.6% to 1.0%.
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On the other hand, the erbium-doped toroidal resonator with a diameter of 450 µm,

shown in Fig. 3.23(c), exhibits a Q-value of 3.5×106 in the 1480 nm excitation mode. As

the pump power is increased to excite the erbium ions, green up-conversion light is observed,

indicating a good overlap between the erbium ions and the optical mode. When the pump

power exceeds 350 µW, multi-mode laser oscillations are observed in the 1550 nm band.

Thus, the lasing threshold is approximately 350 µW, with a lasing efficiency of 1.5%.
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Fig. 3.24 (a) Laser emission spectrum of an Er3+-doped microtoroid. This cavity lased

around 1550 nm with a longitudinal mode spacing of 10 nm when it was pumped at 1480 nm.

The inset image shows up-conversion luminescence of an Er3+-doped microtoroid. (b) The

output-input curves of Er3+-doped microlasers with different concentrations. The red (blue)

points and line indicate Er3+ concentration of 1.7×1018 cm−3 (0.85×1018 cm−3).

Dispersion measurement

The transmission spectrum in the 1550 nm band for this cavity is shown in Fig. 3.25(a), with

the red circles indicating the TE modes. We measured the dispersion of this cavity, as shown

in Fig. 3.25(b) [41]. The blue dots represent the measured values, while the solid red line

shows the fitting curve, which accounts for up to third-order dispersion. The dashed red

line represents the theoretical dispersion curve for a silica microtoroid, assuming no erbium

ion doping and identical major and minor diameters. The measurement results indicate that

erbium ion doping has minimal impact on the dispersion, allowing the resonator to maintain

anomalous dispersion.

Gain measurement

We fabricated Er3+-doped SiO2 toroids by the sol-gel method. We obtained a measured

Q of ∼ 107 when no Er3+ ions was doped. We made two resonators, both with the same
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(a) (b)

Diameter: 450 ¿m

Q: 3.5×106

Fig. 3.25 (a) The transmission spectrum of the erbium-doped microtoroid in the 1550 nm

band, with red circles indicating the fundamental TE mode. (b) Dispersion measurement

results for the fundamental TE mode: blue dots represent the measured values, and the solid

red line is the fitted curve. The dashed red line represents the theoretical dispersion values

for a non-doped silica microtoroid with the same structure. Adding erbium ions has minimal

impact on the dispersion.

diameter of D ∼ 60 µm, but with different Er3+ concentrations of 1.7× 1018 cm−3 for

device A and 0.85×1018 cm−3 for device B. The measured loaded Qs (i.e., in the presence

of the Er absorption effect) of these two cavities were (device A): Qpump = 1.4×106 and

Qlase = 1.1×106, and (device B): Qpump = 3.0×105, and Qlase = 1.1×107, where Qpump

and Qlase are the Qs of the pump and lasing modes. We pumped the cavities at ∼1485 nm

and observed lasing at ∼1550 nm, where the lasing power is shown as a function of the pump

power in Fig. 3.24(b).

When we take account of the coupled-mode theory and upper-state population of Er ions

based on rate equations, the slope η of the laser output-input power curve is theoretically

given as[104],

η = κ2
s
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(3.10)

where ν , n, Vm, κ , and c are the light frequency, refractive index, mode volume, amplitude

coupling coefficient between the resonator and the waveguide, and vacuum light velocity,

respectively. Scripts p and s denote pump and signal modes, respectively. α
passive
s,p is the loss
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(in m−1 units) determined by the loaded Q of a passive cavity without Er3+ doping for signal

and pump modes(α
passive
s = 2πn(λsQload)

−1). The absorption and gain (both in m−1 units)

of Er3+ at a strong pump (i.e., NT = N2 and N1 = 0) are theoretically given as,

αs,p = Γs,pσ a
s,pNT , (3.11)

g∗s,p = Γs,pσ e
s,pNT , (3.12)

where NT, σ a, and σ e are the overlap factors between the optical mode with a normalized

Er3+ distribution, Er3+ concentration, absorption cross-section, and emission cross-section,

respectively. In this study, we use previously reported values of σ a
p = 1.5×10−21 cm2, σ a

s =

2.8× 10−21 cm2, σ e
p = 0.8× 10−21 cm2, σ e

s = 4.8× 10−21 cm2 [123]. For simplification,

we assume Γs,p = 1 in our calculations.

By substituting Eqs. (3.11) and (3.12) into Eq. (3.10), we obtain graphs providing the

relationship between NT and η for different κ values, as shown in Fig. 3.26(a). These graphs

enable us to estimate the effective NT from an experimentally obtained η .

Once NT is determined, we can obtain g0 from Fig. 3.26(b). The gain can be estimated

by solving the rate equation and propagation equation of an erbium-doped waveguide

numerically. Hence, Fig. 3.26(b) is calculated as[123]

∂Ps,p (z, t)

∂ z
= Γs,p

[

σ e
s,pN2(t)−σ a

s,pN1(t)
]

Ps,p (z, t) , (3.13)

∂N2(t)

∂ t
=−

N2(t)

τ
−

1

Aeff

(

∂Ps (z, t)

∂ z
+

∂Pp (z, t)

∂ z

)

N2(t) , (3.14)

N1(t)+N2(t) = NT , (3.15)

where P, N1, N2, and τ are the light energy (in units of photons), ground-level carrier density,

excited-level carrier density, and carrier lifetime (τ = 10 ms, in this study [123]), respectively.

The gain saturates as we increase the pump power. Figure 3.26(b) is obtained by plotting the

saturated gain g0 as a function of NT, where

g0 = Γs [σ
e
s N2(t)−σ a

s N1(t)]L . (3.16)

N1,2 (ts) are the carrier densities in a steady-state calculated by using Eqs. (3.13)–(3.15),

when the pump is sufficiently strong.

Figures 3.26(a) and 3.26(b) could be used as follows. If NT is given, we can immediately

obtain a theoretical gain g (= g0/L) in units of m−1 from Fig. 3.26(b). On the other hand,

Fig. 3.26(a) allows us to double-check the NT value if we perform a lasing experiment,
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as we demonstrated in Fig. 3.24(b). Figure 3.24(b) has a slope efficiency of η = 1% at

an experimental Er3+ doping concentration of NT = 1.7× 1018 cm−3. This corresponds

to an effective NT of 5.0× 1018 cm−3 according to Fig. 3.26(a) and an experimentally

estimated gain of g = 1×10−2 cm−1 from Fig. 3.26(b). On the other hand, the theoretical

curve in Fig. 3.26(a) suggests that we should obtain a gain of g = 3× 10−3 cm−1 at an

NT = 1.7×1018 cm−3 concentration. Although we do not know exactly why we obtained a

slightly higher effective NT, we think the values are in reasonably good agreement and within

the experimental error.

Equations (3.13)–(3.16) also allow us to calculate g0 versus Ps, at different Pp values,

from which we can obtain P
g
sat, which is given as,

P
g
sat =

1+
Pp

(

σ a
p +σ e

p

)

τ

Aeff

(σ a
s +σ e

s )τ

Aeffℏω0

. (3.17)

P
g
sat is ∼ 0.145 W when we assume a 500 mW pump and D = 300 µm. This value is used in

the calculation, which is described in Chapter 4.

η 

κ

κ

κ

κ

κ

Fig. 3.26 (a) η versus NT for different κ values (κ = κp = κs) at a cavity corresponding to

Qint = 2×107 at 1550 nm. (b) Gain g (at saturating pump power) as a function of NT. The

vertical axis on the right is the saturated gain g0 when D = 300 µm. We use Aeff = 21 µm2

corresponding to a microresonator with d = 30 µm.

The gain of Er3+-doped toroid resonators fabricated using two different methods is

summarized in Table 3.2. Experimental results confirm that increasing the resonator diameter

enhances the gain per round trip of the resonator.
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Table 3.2 Parameters which measured and calculated to calculate the gain of fabricated

resonators

Diameter Fabrication η κ NT gTr

60 µm Conventional 1.0% 3.0×104 2.0×10−19cm−3 7.0×10−4

450 µm Coating 1.6% 2.0×104 1.5×10−19cm−3 3.0×10−3





Chapter 4

Design and numerical analysis for passive

mode-locking in microresonator system

Chapter 3 presents a comprehensive analysis of microresonator mode-locking dynamics

through numerical simulations. The chapter begins with mode-locking behavior in a single

microresonator, exploring the experimental feasibility of pulsed operation in a toroidal

microresonator with gain and saturable absorption.

The second section extends the analysis to coupled microresonator systems, where mode-

locking dynamics are influenced by inter-resonator coupling. Simulations reveal that in the

vicinity of the exceptional point, system Q exhibits substantial modulation even with minor

refractive index changes and a minimal Kerr effect contribution. We show theoretically and

numerically that mode-locking is feasible with a coupled microresonator system with gain

and loss, notably, without any natural saturable absorber.

4.1 Single cavity system

4.1.1 Introduction and motivation

Glass-based fiber lasers are excellent platforms for mode-locked ultrashort-pulse lasers

because of their high beam quality, robustness, and simple configuration [124]. A gain

medium and a mode-locker are the two key elements needed to build a mode-locked laser.

Especially erbium-ion (Er3+) doped fiber and carbon nanotubes (CNTs) are frequently used

for these purposes in a fiber laser. Using a pulsed laser with a high repetition rate will open a

new avenue to faster laser processing, higher capacity in optical communication, and more

effective signal acquisition. Nonetheless, achieving a repetition rate above 1 GHz presents

challenges, as the laser cavity length needs to be shortened to ensure the light pulses are
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closely packed in time. Multi-gigahertz operation has been demonstrated using a 5 mm

Fabry-Perot gain-doped fiber cavity, where the end surface is coated with CNTs as a saturable

absorber (SA) [21]. However, further scaling of the repetition rate is impossible because the

high pump power needed to compensate for the low gain can damage the CNTs.

Conversely, an ultrahigh-Q whispering-gallery-mode (WGM) microresonator has demon-

strated its effectiveness as a platform for strong light-material interactions [39]. A WGM

microresonator made of silicon dioxide on a silicon wafer has exhibited one of the highest Q

values for greater than ∼ 108. Since it is made of SiO2, it is also a good host material for

Er3+-doping and will eventually provide a good platform on which to demonstrate a WGM

microlaser [45, 104]. Continuous-wave (CW) lasing has been demonstrated at an ultralow

threshold power, thanks to the high-Q.

Moreover, this type of WGM microresonator has also been demonstrated to generate

dissipative Kerr solitons by applying CW pumping to one of the longitudinal modes. A

four-wave mixing (FWM) process in a high-Q WGM microresonator generates an optical

frequency comb. When a specific condition is met, we can lock all generated comb modes

to create ultrashort pulses. These are attractive because dissipative solitons from a WGM

microresonator have an extremely high repetition rate thanks to their small cavity size.

However, these solitons are superimposed on a CW background, which complicates the

pulse amplification necessary for using this light source as a seed in high-power applications.

Additionally, achieving and stabilizing soliton pulses requires advanced wavelength sweeping

and feedback mechanisms [15], adding complexity and increasing system costs.

If we can directly obtain mode-locked pulses from a small WGM microlaser, we would

achieve background-free operation without using a complex feedback system. In addition

to the CW lasing operation in a silica toroid WGM microresonator, SA is also confirmed

with the same device by using CNTs (Fig. 4.1). So the combination of Er3+-doped SiO2

microtoroid with CNTs as the SA is of interest and has great potential in terms of realizing

an ultracompact high-repetition-rate mode-locked pulse laser.

However, it is unclear whether we can demonstrate mode-locked operation in such a

device since no experiments have yet been conducted with SiO2 microtoroid for such a

purpose, and the optimum parameter ranges are entirely unknown. Therefore, we aim to

reveal the optimum range of parameters, such as the cavity size, Q, Er3+ ion concentration,

dispersion, and nonlinear loss of the CNTs needed to achieve mode locking, and we discuss

the experimental feasibility.

Previous studies have examined integrated mode-locked waveguide lasers on silicon

substrates [18], yet our focus is on approaches using microresonators. Recent advancements

in microresonators enable the utilization of ultrahigh Q factors and the novel doping of Er3+
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Fig. 4.1 An Er3+-doped silica microtoroid resonator coupled with a tapered fiber that we

studied numerically. Er3+ ions are doped by the sol-gel method, and CNTs are attached to

the resonator’s surface to enable saturable absorption.

ions in silica-on-silicon. We expect the high-Q to compensate for the limited gain of Er3+

ions and hence allow us to make the cavity size extremely small.

4.1.2 Theoretical model and parameters

Simulation model

Conceptually, a WGM microlaser is a miniaturized fiber ring laser. The system that we

studied is shown in Fig. 4.1. The resonator is made of Er3+-doped SiO2 to enable gain, and it

is fabricated by using the sol-gel method. CNTs are deposited on the surface of the resonator

as a saturable absorber. A CW pump laser at 1480 nm is injected into the cavity, and the

output light is coupled out by using a tapered fiber. Here, we define the intrinsic and loaded

Q(Qtotal) factors as follows. The intrinsic Q(Qint) is the Q determined by the cavity losses,

such as the scattering and absorption of the cavity. Typically, excess absorption losses from

Er3+ ions and CNTs are omitted unless noted, as they are generally addressed separately in

equations. The loaded Q is defined as

Q−1
total = Q−1

int +Q−1
ext , (4.1)
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where Qext = ω0κ−2 is the Q value determined by the coupling coefficient between the

resonator and the tapered fiber (κ) and the angular frequency of the cavity resonance (ω0).

We solve the model based on the nonlinear Schrödinger equation as given by [125, 126]:

Tr
∂

∂T
A(t,T ) =

(

−iL
β2

2

∂ 2

∂ t2
+ iLγNL |A|

2

)

A(t,T )+{gTr
(T )− [lTr

+αTr
(t,T )]}A(t,T ) ,

(4.2)

where A, t, and T are the slowly varying field envelope in the microcavity, short time, and

long time, respectively. L, Tr, β2, γNL, l, gTr
, and αTr

are the cavity length, one roundtrip

time, second-order dispersion, nonlinear coefficient, linear loss per roundtrip (determined

by the loaded cavity Q), net-gain of Er3+ per roundtrip, and nonlinear loss of the CNTs per

roundtrip, respectively. Here, the nonlinear coefficient γNL was calculated using the nonlinear

refractive index of silica n2 = 2.2×10−20 m2/W.

gTr
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1
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, (4.3)

αTr
(t,T ) = αns +

α0

1+
|A(t,T )2

|

Pα
sat

, (4.4)

where g0, P
g
sat, ωg, αns, α0, and Pα

sat are the saturated net gain coefficient per roundtrip

(hereafter referred to as gain), gain saturation power, gain bandwidth, non-saturable loss per

roundtrip, modulation depth per roundtrip, and saturation power, respectively. (|A(t,T )2
|) is

the field intensity averaged over a short time t (i.e., average power in the cavity). We use

the standard split-step Fourier method[40] to perform numerical simulations with a step size

equal to the roundtrip time Tr for 1,500,000 roundtrips.

Parameters

The parameters of the system that we use in this calculation are summarized in Table 4.1. The

cavity dispersion is given when the material and geometry of the cavity are determined [41].

We use a SiO2 microtoroid, allowing us to calculate the dispersion by measuring the major

diameter D and minor diameter d. (Fig. 4.1). The resonator is usually fabricated by laser

reflow, and D/d is typically kept at about 10. Hence, we assume d = D/10 and calculate the

dispersion, as shown in Fig. 4.1, and use these values for further calculations.
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Table 4.1 Parameter values used in simulation

Parameter Variable Value Unit Source

Nonlinear refractive index n2 2.2×10−20 m2W−1 Ref. [40]

Effective mode area Aeff var. µm2 Calculation

Second order dispersion β2 var. ps2/km Calculation

Quality factor Q 106–108 - Experiments

Saturated gain g0 10−4–10−1 /roundtrip Experiments

Gain saturation power P
g
sat var. W Eq. (3.17)

Gain bandwidth ωg/2π 2.5 THz Ref. [127]

Modulation depth α0 10−4–10−1 /roundtrip Experiments

Non saturable loss αns 0 /roundtrip N.A.

Saturation power Pα
sat/Aeff 15 MW/cm2 Experiments

In this calculation, we assume Er3+-doped microtoroids for a D = 300 µm cavity. The

saturation power of 15 MW/cm2 and the modulation depth α0 of 3.2× 10−3 (details in

§3.3 and Fig. 3.13). Therefore, we used Pα
sat/Aeff = 15 MW/cm2 and studied a modulation

depth range of 10−4 to 10−1. The gain per roundtrip (g0) is theoretically calculated from the

experimental results (detailed in §3.5.3); we investigate the g0 = 10−4 to 10−1 range.

4.1.3 Numerical calculation results and discussions

This numerical study aims to reveal the optimum parameters needed to achieve mode-locking

operation in an Er3+-doped WGM microresonator. We found four different states when

we monitored the waveform under different conditions, as shown in Fig. 4.2. These four

states are chaotic pulses (CP), multiple pulses (MP), a stable mode-locking regime (ML),

and a continuous wave operation (CW). It is noted that, conventionally, mode-locking refers

to phase coherence in the spectral domain; however, in this calculation, mode-locking

is determined based on the peak-to-average power ratio (Ppeak/Paverage) and the temporal

stability of this ratio. We are interested in the ML regime, where a single pulse circulates in

the WGM resonator.

Quality factor dependence

In this section, we investigate key parameters, including saturated gain per round trip g0

and nonlinear loss (modulation depth α0) and Q-factor, for mode-locking using an Er3+-

doped microtoroid with D = 300 µm. Figure 4.3 shows the simulation results with gain

and modulation depth as variables for intrinsic Q = 107 and 108. The red line indicates the
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Fig. 4.2 Operation regimes were identified based on our four criteria: (a) chaotic pulses (CP),

(b) multiple pulses (MP), (c) a stable mode-locked pulse (ML), and (d) continuous wave

operation (CW).

estimation of g0 when NT = 5.0×1018 cm−3 of Er3+ ions concentration. It is noted that this

parameter is achievable in experiments.

The regimes for the four different states (CP, MP, ML, and CW) are indicated in the

figure 4.2. When the gain is low, the loss is larger than the gain, and the device will not

lase. When the gain is greater than the loss, the device starts to oscillate a continuous

wave. At a higher gain, along with an adequate modulation depth, the system exhibits ML

operation. When we increase the gain even further, the pulse splits into multiple components

and exhibits an MP state. Finally, the system is in an unstable regime at CP state when the

gain is too high.

Figure 4.3(a) shows that the cavity exhibits CW lasing when Q is 107 at g0 = 10−3, which

explains our CW lasing demonstration. However, it also shows that it is very challenging to

achieve the ML state due to insufficient gain if we use this cavity. This situation will change

if we use a cavity with a higher Q of 108, with which we should be able to reach the ML

regime, as shown in Fig. 4.3(b). Although a Q of 108 is experimentally feasible, it is not easy

to realize under Er3+-doped conditions.

Therefore, we will look for another way to achieve ML, such as increasing the WGM

microcavity laser diameter or designing the cavity dispersion. By increasing the cavity
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diameter, we expect to obtain an increased gain per roundtrip. On the other hand, if we can

make a cavity with a smaller dispersion, we expect that the mode-locking threshold will

decrease. Both approaches will relax the cavity loss conditions for mode-locking.

α

α

Fig. 4.3 Mode-locking investigation of D = 300 µm Er3+-doped microtoroid with nonlinear

loss as parameters. (a) Calculation results for Q = 107 and (b) for Q = 108. The red line

shows the position of the theoretical gain at NT = 5.0×1018 cm−3.

Cavity size and dispersion dependence

As discussed previously, a sufficiently large g0 is crucial for achieving ML. An alternative

way of increasing g0 is to increase the size D of the microresonator. This approach appears to

be straightforward, but the presence of dispersion makes the optimization more complex[41].

The calculated dispersion is at its minimum at D ∼ 150 µm but becomes anomalous disper-
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sion when we increase the cavity size. A smaller dispersion is usually advantageous for easy

mode-locking because of the stronger self-phase modulation that occurs at a lower intracavity

power. Self-phase modulation is normally needed to achieve mode-locking. On the other

hand, we prefer a larger cavity size because of the larger gain. Therefore, it appears that there

is a tradeoff between gain and dispersion when we change the cavity size, and there may be

an optimum point.

First, we investigated only the dispersion effect. Namely, we assumed that we could

fix the diameter of the toroid microresonator at 300 µm but could change the dispersion.

Figure 4.4(a) shows the numerical results we obtained when we fixed the modulation depth

α0 and Q at 5×10−4 and 107, respectively. As expected, ML is possible even with a small

g0 when the dispersion is close to zero. Unfortunately, in this case, however, the dispersion

of a 300 µm diameter toroid is about −20 ps2/km, which is outside the ML regime.

Second, we performed further numerical investigations at different cavity diameters D for

a cavity where Q was fixed at 107. The dispersions for a cavity with different Ds are taken

from the calculation. Increasing the diameter will increase the gain per roundtrip but result

in a larger dispersion. On the other hand, the decreasing diameter will reduce the gain per

roundtrip but achieve a weaker anomalous dispersion. Since these two approaches appear

to have a tradeoff relationship, we confirmed which design approach was more suitable for

passively mode-locking a WGM micro-laser. The result is shown in Fig. 4.4(b).

Figure 4.4(b) shows interesting behavior. As expected, the CW lasing threshold decreases

as we increase the cavity diameter since the gain increases. However, the ML threshold is not

sensitive to the diameter, and it is almost constant when D > 300 µm. This is encouraging

because it tells us that ML is possible even with a small cavity, which is usually more

challenging. Taking into consideration that a larger diameter WGM toroid resonator is

often more difficult to fabricate[120], we concluded that the target diameter of the cavity is

D = 300 µm, but with a slightly higher intrinsic Q and higher doping concentration.

Moreover, our results also suggested another approach, namely dispersion control. If we

can shift the null dispersion point at a large D, we should be able to reduce the ML threshold

since we can use a larger cavity. Throughout this study, we kept D/d = 10, but we might

change this ratio (a larger D with a smaller d) by adjusting our laser reflow condition.

4.1.4 Conclusion

In conclusion, we numerically investigated the passive mode-locking of a toroidal WGM

microlaser. The small cavity size allows for ultrahigh repetition rates; however, the gain per

roundtrip is minimized, so ultra-high Q microresonators are necessary. Moreover, dispersion
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β

Fig. 4.4 (a) Modelocking investigation of a 300 µm diameter toroidal microresonator for

Q = 107, with gain per roundtrip (gTr
) and dispersion (β2) as parameters. (b) Mode-locking

investigation for toroid microcavities (Q = 107) with different diameters D while D/d = 10

is maintained. Note that the vertical axis is now gain per second (gt), where gt = g0/Tr. The

value is at gt = 2.2×108 s−1 when g0 = 10−3 and D = 300 µm (Tr = 4.5 ps).
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plays an essential role in mode-locking: a weak anomalous dispersion promotes mode-locking

operation with a limited gain.

In addition, the tradeoff relationship between gain and dispersion was highlighted due

to their dependence on microresonator diameter. As a result, a 300 µm diameter WGM

microlaser with a Q slightly higher than 107 proves to be a promising platform for a microlaser

with an ultra-high repetition rate exceeding 100 GHz.
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4.2 Coupled cavity system

This section describes the feasibility of mode-locking in a coupled cavity system with gain

and loss, achieved without relying on a natural saturable absorber. Describing this system

requires a non-Hermitian model with complex eigenvalues and non-orthogonal eigenstates

rather than a conventional Hermitian model with real eigenvalues and orthogonal eigenstates.

Tuning the parameters of this dissipative system can cause its complex eigenvalues and

eigenstates to coalesce, forming a non-Hermitian degeneracy known as an exceptional

point (EP). In the vicinity of the exceptional point, system Q exhibits substantial modulation

even with minor refractive index changes and a minimal Kerr effect contribution. Leveraging

this unique behavior, we propose an unprecedented approach wherein the lossy auxiliary

cavity functions as an efficient artificial saturable absorber, thus facilitating mode-locking.

This approach is novel and presents considerable advantages over conventional systems

where both gain and saturable absorption are contained within a single microcavity. These

benefits include reduced operational power and ease of post-adjustment, achievable through

the manipulation of the coupling strength between the two microcavities.1

4.2.1 Introduction and motivation

Passively mode-locked pulsed lasers have emerged as essential tools in a variety of applica-

tions, including ultrafast laser spectroscopy and coherent control [128, 129], femtosecond

laser processing [130, 131], attosecond physics [132, 133], time and frequency standards

[134], and telecommunications [135]. Shortly after the invention of the laser, research into

short-pulse generation was conducted [136], and mode-locking using saturable absorption

(SA) was developed. Early laser systems employed laser dyes [137] and semiconductor

saturable-absorber mirrors (SESAMs) [138], both of which rely on natural SA. For a long

time, Kerr-lens mode-locking [139], a technique utilizing the self-focusing effect to create

artificial SA, has been used for mode-locking in solid-state lasers. In recent years, the

emergence of fibre lasers, which capitalize on both natural and artificial SA effects achieved

through carbon nanotubes (CNTs) [140], graphene [141], nonlinear polarization rotation [8],

nonlinear loop mirror [142], and Mamyshev oscillator [143, 144] has made ultrashort pulse

lasers more accessible.

In recent times, the demand for high-repetition pulsed lasers has surged [39, 145–147]

as they enable more effective data acquisition and faster material processing speed. Conse-

quently, researchers have developed harmonic mode-locking techniques in fibre lasers [148],

1Contents presented in this section has been published in "Exceptional point proximity-driven mode-locking

in coupled microresonators," Optics Express, Vol. 32, No. 13, pp. 22280-22290 (2024).
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short-cavity solid-state lasers [4], mode locked integrated external-cavity surface-emitting

lasers [149], and Er3+ doped fibre-ferrule cavities [21]. Among these, nanophotonic devices

fabricated from erbium-ion (Er3+) doped glass [150, 78] stand out as potential cost-effective

solutions, given the maturity and robustness of the material. These devices are particularly

promising if a small mode-locked cavity can be fabricated. Therefore, a mode-locked laser

using a whispering-gallery-mode (WGM) microresonator [92], could provide a cost-effective

on-chip solution for demonstrating ultra-high repetition rate optical pulses. However, the

realization of SA in such a system, without sacrificing essential parameters such as the cavity

quality factor (Q), poses a challenge if we choose to utilize CNTs or graphene. Hence, it

is essential to develop an entirely new approach for achieving artificial SA and enabling

passive mode-locking, especially if we aim to realize femtosecond pulse laser sources in

nanophotonic devices.

At the same time, systems consisting of coupled resonators with gain and loss have been

garnering interest and are being investigated for their ability to break parity-time (PT) sym-

metry in structures such as waveguides [151], photonic crystals [152], and microrings[153,

102, 154]. It has been proven that a coupled cavity resonator can achieve low-threshold

lasing when operated beyond exceptional points (EPs), where eigenfrequencies coalesce

[101]. This is due to a significant reduction in system loss. Notably, the system loss in such

configurations exhibits considerable modulation near an EP.

In this work, we theoretically propose and numerically demonstrate passive mode-locking

in a coupled-cavity system with gain and loss. Previous research has demonstrated self-

pulsation in a similar setup, where inherent SA within a lossy cavity was enhanced through

dynamic decoupling of the cavities[155]. Our findings, however, reveal that inherent natural

SA is unnecessary when we exploit the unique properties arising near the EP. By exploiting

the extensive system loss modulation that occurs close to the EP, we achieve efficient artificial

SA, leading to ultrahigh-repetition mode-locking in a small cavity system. We also anticipate

that the required quality factor (Q) of the system will be substantially relaxed thanks to

the separation of gain and loss in two distinct cavities. Moreover, we introduce a new

parameter: the coupling rate between the two microcavities. This additional control point

should facilitate easier experimental demonstration.

4.2.2 Coupled cavities for mode-locking

Concept and operational mechanism

Our model system, as depicted in Fig. 4.5(a), is a pair of coupled microresonators. The first

resonator, cavity A, provides gain, while the second one, cavity B, is a passive microresonator
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with the same diameter as cavity A but with a higher loss (low Q). The difference between the

Q values of the two resonators should be noted because the distinction is crucial as regards

the mode-locking mechanism explored in this study.
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Fig. 4.5 Model and principle. (a) Schematic representation of our model. Cavity A is a cavity

with gain; Cavity B is a lossy cavity. Light is generated in Cavity A and undergoes loss in

Cavity B. (b) Explanation of the principle of artificial SA in a coupled cavity system. The

left graph shows the temporal waveform in Cavity A (blue line) and Cavity B (red line). The

pulse intensity in Cavity A is consistently higher due to its gain properties. At the pulse’s

peak, Cavity A exhibits strong nonlinearity, leading to modulation in the refractive index.

In contrast, the tail (or background) remains linear. The right graphs show the resonant

spectra for both cavities at the peak and tail of the pulse. Initially, at the tail of the pulse,

Cavities A and B couple with each other since they share the same resonant wavelengths.

However, as the peak of the pulse in Cavity A demonstrates significant optical nonlinearity, it

causes a shift in resonant wavelengths between the two cavities, resulting in their decoupling.

Consequently, the light in Cavity A experiences reduced loss.

With gain provided by cavity A, single and multi-mode lasing can be achieved when a

pump is applied. However, only a continuous wave (CW) lasing is obtained in the absence of

an SA effect. Figures 4.5(a) and 4.5(b) show how our system can exhibit an artificial SA that

contributes to pulsing. Given the coupled nature of cavities A and B, and the lossy attribute

of cavity B, the light from cavity A couples into cavity B, leading to its elimination due to

the low-Q; an observation suggesting that we can reduce system loss if we can manage the

decoupling of the two cavities.

The influence of the Kerr effect, characterized by an intensity-dependent, instantaneous

refractive index change, such as,

n = n0 +n2I, (4.5)

where n2 is the nonlinear refractive index, and I the intensity, is evident when examining a

pulse circulating within the cavity. With gain in cavity A and QA > QB, the pulse peak shows

pronounced nonlinear refractive index modulation in cavity A, causing disparate resonant

frequency modulations in the two cavities, as explained in Fig. 4.5(b). This results in an
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instantaneous decoupling of the cavities at the pulse peak; this is an intuitive explanation

despite the challenge of defining an instantaneous resonant frequency within a round trip.

Rigorously, this decoupling can also be viewed as a phase velocity mismatch caused by

the Kerr effect. With initially identical resonant frequencies, cavities A and B experience

modulation and decoupling only at the pulse peak. As a consequence, the light within

cavity A undergoes decreased loss at the pulse peak, thereby replicating the operation of SA

behaviour.

The primary challenge is to secure a substantial degree of coupling/decoupling modulation

under conditions of minor refractive index modulation, given that n2 is typically small. To

surmount this challenge, we propose exploiting the potent modulation commonly observed

near an EP in a coupled microresonator system.

Numerical model

To investigate the new mode-locking technique that forgoes the use of any natural SAs, we

have constructed a model utilizing the approach described below with nonlinear Schrödinger

equations with gain [92] and mode coupling terms [156], such as,

Tr
∂A(t,T )

∂T

= iL

(

−

β2

2
·

∂ 2

∂ t2
+ γNL |A(t,T )|2

)
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2
A(t,T )+ i

κ

2
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2
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2
A(t,T )+ i

κ

2
A(t,T ) , (4.7)

where A(t,T ) and B(t,T ) are the complex electrical field amplitudes (in a slowly-varying

envelope approximation) in cavities A and B. Here, t and T are the fast time and the slow

time, respectively. Equations (4.6) and (4.7) are interconnected through the last term, with

κ =ω0/Qc representing the coupling rate, where Qc is the coupling Q. γNL(= n2ω0(cAeff)
−1)

is the nonlinear coefficient. gT r(T ), and lA,B are the gain per roundtrip in cavity A, and losses

per roundtrip in cavities A or B, as below [92],

gT r = g0
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lA,B = TrγA,B = Tr ·
ω0

QA,B
, (4.9)
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where the parameters are described in Tab. 4.2. When A is nonzero, the last term on the

right-hand side of Eq. (4.6) can be rewritten as follows,

i
κ

2
B =

[

Real

(

i
κ

2

B

A

)

+ i · Imag

(

i
κ

2

B

A

)]

A, (4.10)

where the real part (the first term) corresponds to gain and loss, whereas the imaginary part

(the second term) pertains to the phase modulation, both arising due to the coupling. Given

that A and B are functions of time t, Eq. (4.10) shows that the effective gain and loss emerging

as a result of the coupling constitute a time-dependent function and may act as an artificial

SA.

Table 4.2 Parameters employed in the calculations unless otherwise specified in the text

Parameter Variable Value of A Unit

Intrinsic Q of Cavity A QA 1×108
−

Intrinsic Q of Cavity B QB 5×106
−

Coupling Q Qc 8×106
−

Cavity diameter D(= L/π) 300 µm

Resonant wavelength λ0(= 2πc/ω0) 1.55 µm

Roundtrip time Tr 4.52 ps

Refractive index n0 1.44 −

Nonlinear refractive index n2 2.2×10−20 m2/W

Effective mode area Aeff 21.28 µm2

Second order dispersion β2 −12.24 ps2/km

Saturated gain g0 5×10−2 /roundtrip

Saturation power P
g
sat 144.8 mW

Gain bandwidth ∆ fg 2.50 THz

Equations (4.6) and (4.7) are solved using the split-step Fourier method, which is a

technique widely adopted for calculations involving microresonator frequency combs [156].

As laid out in Tab. 4.2, we adopt a silica toroid microresonator with a diameter of D= 300 µm

for our model. We only doped cavity A with Er3+ ions to produce gain, setting the QA and

QB values at 1×108 and 5×106, respectively. Cavities A and B are coupled with a coupling

Q of Qc = 8× 106. We assume a saturated gain g0 of 5× 10−2 per roundtrip, which can

be achieved with an Er3+ concentration of approximately 1020 cm−3 [92]. Parameters for

dispersion and mode area are obtained from the given structure, with the minor diameter

of the toroid specified as 30 µm. We note that both cavity exhibit the identical anomalous

dispersion value (β2 =−12.24 ps2/km).
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4.2.3 Results and Discussion

Demonstration of the mode-locking

The results of our computation are shown in Fig. 4.6(a), where we chart the average power

within each cavity (PaveA and PaveB) as a function of the number of roundtrips after starting

the cavity pump. As multimode lasing begins, the longitudinal modes remain unlocked, and

the temporal waveform undergoes a random modulation (Fig. 4.6(b)). Following several

thousand round trips, we begin to observe the formation of a pulse, albeit an unstable one

(Fig. 4.6(c)). It takes approximately 7× 104 round trips for the cavity to reach a state of

complete stability.
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Fig. 4.6 Calculation results obtained from coupled nonlinear Schrödinger equations. (a) The

average optical power in Cavity A (blue) and Cavity B (red) as a function of the roundtrips.

(b) Spectral intensity and phase, alongside temporal intensity and phase, within a roundtrip

at roundtrip 10,000. (c) At roundtrip 30,000.

The stable temporal waveforms for cavities A and B are shown in Figs. 4.7(a) and 4.7(b),

respectively. At this juncture, we witness clear mode-locking behaviour. The pulse shape has

a sech2 profile with a full-width at half maximum (FWHM) of 30 fs. The phase of the pulse

reveals it to be Fourier transform-limited, providing direct evidence of mode-locking, with a

corresponding spectral width of 84 nm (FWHM).

Here, we confirm that the Kerr effect instigates instantaneous decoupling, and thus serves

as an artificial SA. Figures 4.7(c) and 4.7(d) show the associated resonant wavelength shifts

for the waveforms shown in Figs. 4.7(a) and 4.7(b), calculated via instantaneous nonlinear

refractive index modulation as given in Eq. (4.5). The outcome indicates that the resonance
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Fig. 4.7 (a) Mode-locked temporal waveform and spectrum (inset) in Cavity A at roundtrip

70,000. The blue line represents intensity, while the grey lines show the phase. (b) As (a),

but for Cavity B. (c) Calculated resonant shift for Cavity A resulting from Kerr nonlinear

refractive index modulation. A maximum frequency shift of ∼ 1.5 GHz is observed at the

pulse peak. The black dotted line indicates the frequency linewidth (FWHM) for a cavity

with a Q of 106. (d) As (c) but for Cavity B. (e) The nonlinear loss and gain profile in

Cavity A arising from the system’s coupling and decoupling within the roundtrip. The black

solid line depicts the net gain in Cavity A (i.e., g0 minus the loss QA). The green line shows

the extra loss in Cavity A due to its coupling with Cavity B. The blue curve portrays the

overall net gain/loss profile in Cavity A. The green and blue curves are applicable only when

the intensity within cavity A is nonzero.
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of cavity A effectively undergoes a frequency shift of up to 1.5 GHz. This shift surpasses

the linewidth of cavity B (with QB = 5×106). Given that the shift in cavity B is negligible

(Fig. 4.7(d)), we can instantaneously decouple cavity A from cavity B only at the pulse peak.

This process results in minimal loss and allows the presence of the auxiliary cavity B to

function as an artificial SA.

Figure 4.7(e) offers greater clarity by depicting the effective gain and loss experienced by

cavity A due to its coupling with cavity B within a roundtrip. The loss is clearly negligible

at the pulse peak and subsequently increases at the pulse tail. This finding reinforces our

previous conclusion that the coupled cavity system indeed realizes an artificial SA. However,

a lingering question persists: why does the SA occur so effectively with this parameter set?

Generally, the n2 value is small, implying that the modulation would only occur to a limited

extent. To answer this question, it becomes crucial to exploit the impact of the EP within this

system.

4.2.4 The impact of the exceptional point

Upon a closer examination of the temporal phase in Fig. 4.7(b), a unique structure is

observable where the phase bifurcates before consolidating into one as the intensity ascends.

In an attempt to comprehend this behaviour, we undertake a steady-state analysis of our

coupled cavity system.

To simplify the picture, we consider two cavities; one with low loss (cavity A, with

QA = 108) and the other with high loss (cavity B, with QB = 5× 106). A coupled-mode

analysis is then performed based on the following expressions [101]:

dA

dt
= iωAA−

γA

2
A+ i

κ

2
B, (4.11)

dB

dt
= iωBB−

γB

2
B+ i

κ

2
A. (4.12)

At a steady state, the complex eigenfrequencies are given as,

ω± =
ωA +ωB

2
+ i

χ

2
±β , (4.13)

where, χ is the average decay rate given by χ = 1
2
(γA + γB). Here, we introduce β (=

1
2

√

κ2
−Γ2) to represent the effect of the coupling rate κ and of the difference in the decay

rates of the two cavities, given by Γ = 1
2
(−γA + γB). It is worth noting that the real part of

Eq. (4.13) corresponds to the resonant frequencies, whereas the imaginary part signifies the

system loss (i.e., Q).
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Figures 4.8(a) and 4.8(b) present the real and imaginary components of the eigenfrequen-

cies stipulated in Eq. (4.13), plotted as functions of Qc, which is the coupling Q between

the two cavities. The plots vary with different QB values. Figure 4.8(a) shows that the

eigenfrequency (expressed in wavelength) moves beyond the EP as Qc increases. Here we

consider the unique phase bifurcations observed in Fig. 4.7(a), which we calculated using a

QB value of 5×106. The system is linear at the tail of the pulse and resides below the EP

because Qc is at 8×106, as indicated by the orange dotted line in Fig. 4.8(a). Owing to the

bifurcation of the real part of the eigenfrequency, a phase split becomes observable. As the

pulse intensity increases, Qc, quite intuitively, also effectively grows thanks to the increased

decoupling, leading to a collision of the eigenfrequencies. Consequently, their phases merge

into a single phase.

In Fig. 4.8(b), we witness substantial modulation of the system Q in proximity to the

EP in all instances, a feature that substantially contributes to the efficient SA behaviour.

This outcome implies that if we can modulate Qc, we might be able to adjust the system Q

significantly and consequently realize an effective SA.

Figure 4.8(c) shows the system Q as a function of the frequency detuning ∆ f between

cavities A and B (i.e., ∆ f = fA − fB) while maintaining QB at 5× 106. It shows results

for various Qc values. If Qc is set at 2×107, the system is beyond the EP, which signifies

that the two modes diverge into high and low Qs from the outset (as depicted by the green

dotted line in Fig. 4.8(b)). Consequently, the system Qs have two values from the beginning,

and the modulation remains shallow, even when we alter the refractive index of the cavity.

Conversely, if Qc is too small at Qc = 1×106, the starting point is significantly below the

EP, as portrayed by the purple dotted line in Fig. 4.8(b). To obtain efficient modulation, we

must initialize close to the EP, specifically at Qc = 8×106, which is just below the EP. As a

result, with minor modulation of the detuning between the cavities, we can obtain significant

modulation of the system Q.

While our operation is set just below the EP, it is equally possible to initialize the system

just above the EP. However, it is critical to remain close to the EP to ensure effective

modulation of the system Q. The resonant shift that we achieve is approximately 1.5 GHz (as

shown in Fig. 4.7(c)), leading to a modulation of the system Q from ∼ 1×107 to ∼ 1×108,

according to Fig. 4.8(c).

4.2.5 Mode-locking range

Lastly, we undertake a search for the optimal parameters. Figure 4.9(a) presents our findings,

visually encapsulated by using a color map depicting the number of peaks in the waveform

generated after 70,000 roundtrips. Furthermore, we evaluated the stability of the resulting
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Fig. 4.8 (a) The real part of the eigenfrequency (resonant frequency) depicted as a wavelength

shift from the baseline resonance at 1550 nm, for various QB values. QA is consistently

set at 108. The orange line represents the condition where Qc = 8×106, the parameter set

utilized for the computations in Figs. 4.6 and 4.7. (b) Imaginary part of the eigenfrequency

(representing gain and loss) displayed as system Q, across different QB values. QA remains

constant at 108. (c) System Q plotted against the detuning between Cavity A and Cavity B

for a range of Qc values. QA and QB are set at 108 and 5×106, respectively. The condition

Qc = 8×106 is consistent with the parameters employed in the analyses of Figs. 4.6 and 4.7.
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waveform in an attempt to distinguish between stable mode-locking, breather dynamics, and

chaotic behaviour. The region of stability is denoted by a white-dotted contour. The white

solid line indicates the condition of the EP.

To understand the result, we begin by pointing out that two conditions are needed to

achieve mode-locking. The first condition is a high system Q because a low loss is needed to

achieve lasing in the first place. It also helps facilitate efficient optical nonlinear effects. The

second condition is to achieve efficient SA behaviour, which is essential for mode-locking.

We employ Figs. 4.9(b) and 4.9(c) to investigate these two properties.

Figure 4.9(b) is the system Q as a function of QB when QA = 108 and Qc = 8×106. The

system Q is high when QB is high since most of the light exhibits loss through cavity B. But

the system Q recovers even when QB exhibits a reduction in its value due to the presence of

the EP. The color-shaded region in the graph represents the value of QA, indicating that as

the system moves away from the EP, the Q-factor approaches its intrinsic value of 1×108.

Figure 4.9(c) presents the maximum slope value of the system loss rate ∆γτ across varying

QB values. The system Q (Qsys) as a function of the cavity detuning ∆ f was previously

outlined in Fig. 4.8(c). The system loss rate, γτ is represented by γτ = ω0/Qsys, which also

varies as a function of detuning ∆ f . Thus, we define ∆γτ as,

∆γτ = max

∣

∣

∣

∣

dγτ(∆ f )

d(∆ f )

∣

∣

∣

∣

. (4.14)

Here, max indicates that we extract the peak value of the function. Computing ∆γτ for

different QB values provides the plot illustrated in Fig. 4.9(c). Intuitively, a larger value of

∆γτ indicates that even small detuning, arising from the Kerr effect, can lead to significant

modulation in the system’s loss rate. In essence, a substantial ∆γτ is indicative of an efficient

artificial SA.

To gain a comprehensive understanding of the results presented in Fig. 4.9(a), let us

consider a fixed Qc at 8× 106. Initiating our discussion at high QB values, where QB is

∼ 108, the system Q is at its zenith. However, as suggested by Fig. 4.9(c), the potency of

the artificial SA effect is minimal, rendering the system unstable. As QB falls to roughly

5×107, the increase in ∆γτ facilitates mode-locking in the system. The further descent of

QB to around ∼ 107 situates the system on the fringes of stable mode-locking, as depicted in

Fig. 4.9(a). Even as ∆γτ increases, the system Q diminishes substantially. It is important to

note that Q values degenerate beyond the EP (to the right of the solid white line in Fig. 4.9(a)).

This infers that the intensities in cavities A and B are nearly identical, implying that the

nonlinear refractive index modulations are virtually equivalent. Consequently, efficient

detuning between cavities A and B becomes unattainable, and therefore the recovered Q
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Fig. 4.9 (a) Colour map illustrating the count of peaks in the temporal waveform per roundtrip

(indicating the number of pulses per roundtrip) after 70,000 roundtrips as a function of QB

and Qc. The region enclosed by a white dotted line represents the stable mode-locked regime.

The white solid line signifies the position of the EP. (b) System Q, as calculated from Eq. (9),

plotted as a function of QB when QA and Qc are 108 and 8×106, respectively. The system Q

decreases as QB reduces, but it recovers due to the presence of the EP. A high Q is essential

to obtain sufficient net gain and optical nonlinearity in cavity A, which are required for lasing

and mode-locking. (c) ∆γτ plotted as a function of QB when QA and Qc are 108 and 8×106,

respectively. ∆γτ reaches its maximum value of ∼ 34.2 in an EP condition. The definition of

∆γτ is provided in the main text. A higher value corresponds to substantial modulation of the

system loss rate given a specific refractive index modulation. This property is necessary for

achieving efficient artificial SA.



4.2 Coupled cavity system 95

hinders the stable mode-locked operation (i.e., breathing behaviour). Yet, as QB nears the

EP, ∆γτ experiences a notable surge, peaking at approximately 34.2 at the EP. Owing to the

pinnacle slope that occurs at ∆ f = 0 , significant artificial SA arises close to EP, facilitating

mode-locking even with diminished system Q values.

A region warranting particular attention lies to the left of the EP condition (QB < 4×106).

Here, while ∆γτ undergoes a decline, the system Q exhibits a considerable resurgence,

facilitating mode-locking courtesy of the pronounced Kerr effect. In contrast to the region

to the right of the EP, the system Q between modes A and B shows a marked disparity that

augments efficient system decoupling. This stability in mode-locking persists until QB falls

to 6×105. Beyond this, the diminished ∆γτ restricts the attainment of mode-locking (for

QB < 6×105).

The insights gleaned from Figs. 4.9(b) and 4.9(c) shed light on the restoration of mode-

locking as QB decreases, a process that can be attributed to the unique behaviour of the EP in

a coupled cavity system. This demonstrates the role of the EP as an enabler of mode-locking

even under low-QB conditions, revealing novel avenues for the manipulation and control of

lasing dynamics. Significantly, the optimal region for mode-locking is relatively broad, thus

offering promising prospects for experimental implementation.

4.2.6 Conclusion

In conclusion, this study provides a comprehensive examination of a novel mode-locking

strategy that forgoes the utilization of natural SAs, instead leveraging the Kerr effect and a

coupled microresonator system in close proximity to an EP. The results reveal the occurrence

of mode-locking after approximately 7×104 round trips. The formed pulse adopts a sech2

shape, with its Fourier transform-limited phase. The resonant shift associated with the

light intensity modulation underscores the role of instantaneous decoupling as an artificial

SA, contributing to efficient mode-locking. Our exploration of the parameter space further

clarifies the conditions under which mode-locking is achieved. Notably, mode-locking

consistently occurs close to the EP, where substantial modulation of the system Q is possible.

Our research opens new avenues for exploring coupled microresonator systems as plat-

forms for efficient mode-locking, moving beyond the traditional use of saturable absorbers.

Our investigations identified the broad sweet spot for achieving mode-locking, which offers

exciting possibilities for the experimental validation and application of this technique.

Our calculations indicate that in the coupled-resonator system, each resonator can achieve

the required mode-locking parameters using fabrication processes that are already well-

established. Moreover, the principle has been validated experimentally using fiber ring

resonators [157], indicating that this method is viable.
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Finally, calculations were performed for different resonator diameters, assuming actual

experiments, which is considered a fabrication error. Figure 4.10 shows the colormap of the

mode-locking region as a function of the diameter difference ∆D between the two resonators.

The color represents the ratio of pulse peak power Ppeak to average power Paverage. The results

reveal that stable pulses are achieved when the diameter difference is within 30 nm. To

ensure that the diameters of the two resonators remain within 30 nm of each other, assuming

that the fabrication errors follow a normal distribution, we calculated that approximately 600

samples are needed. With 600 samples, there is a 90% probability of matching this condition,

which we consider to be a practical target. Therefore, when we fabricate a pair of toroids

with a diameter difference within this tolerance, we can demonstrate the proof of principle

for our coupled-resonator model.

Recent interest in Er3+-ion doping in Si3N4 waveguide [90, 91] suggests it to be a viable

alternative, attracting increasing attention and enabling tighter diameter control, which makes

them an appealing candidate for passive mode-locking in a coupled-resonator system.

�
D

 (
n
m

)

101

1

102

103

Qcoupling

Fig. 4.10 Color map illustrating the power ratio of the peak power to the average power of

the generated pulse. When the diameter difference ∆D increases, mode-locking cannot be

achieved.



Chapter 5

Summary and outlook

This chapter summarizes the work in this thesis and provides an outlook for future research

on passive mode-locking in integrated microresonator systems.

5.1 Summary

In Chapters 1 and 2, this thesis provides the background and fundamental principles underly-

ing mode-locked lasers and microresonators. Building upon these foundations, Chapter 3

describes the fabrication process for high-Q microresonators, and Chapter 4 explains how

the microresonator systems are designed for integrated passive mode-locked lasers.

Chapter 1 introduced the background on mode-locked lasers and explained the motivation

behind this thesis. It covered the types and mechanisms of conventional mode-locked lasers,

various mode-locking platforms, and related research, and finally, it outlined the thesis

objectives.

Chapter 2 presents the theoretical, simulated, and experimental characteristics of mi-

croresonators. It also introduces the fundamentals of microresonator-based frequency combs

(microcombs) and soliton microcombs, drawing on the Lugiato–Lefever equation to explain

their underlying physics. Finally, the chapter discusses advances in soliton microcomb

generation, focusing on experimental methods to reliably access the soliton existence range.

The insights from this chapter are crucial for understanding how passive mode-locking and

soliton formation can be realized using high-Q microresonators.

Chapter 3 describes the fabrication process and performance evaluation of ultra-high-Q

silicon dioxide microresonators. The author fabricated silica microtoroids from thermally

oxidized silicon wafers using photolithography and two types of etching processes. By

refining each step and improving the surface quality of the resonator’s waveguide region,

the Q-factor was successfully enhanced, leading to the realization of toroidal resonators
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with Q-factors exceeding 500 million. Specific attention is given to methods for doping

erbium ions as the gain medium with the sol-gel method and incorporating carbon nanotubes

or graphene as nonlinear loss materials. The chapter concludes by emphasizing that these

fabrication techniques, combined with the sol-gel ion-doping and SA deposition methods,

form the foundation for realizing integrated passive mode-locked lasers capable of generating

ultrashort pulses.

Chapter 4 presents the design of integrated mode-locked lasers based on numerical

analysis. Two approaches are discussed: single-resonator models and coupled-resonator

models. In the single-resonator model, passive mode-locking is achieved by integrating

a saturable absorber within an Er3+-doped microresonator with Q higher than 108. The

numerical simulations investigate the effect of system parameters, such as resonator Q and

gain, on the generation of stable mode-locked pulses. Results demonstrate that achieving

high-Q factors is crucial to support sufficient nonlinear optical effects necessary for stable

mode-locking. Meanwhile, the coupled-resonator model offers an alternative approach

to passive mode-locking without using any saturable absorber. The analysis reveals that

coupling two microresonators creates a non-Hermitian system with an exceptional point (EP),

a critical point where system eigenmodes coalesce. By tuning the coupling strength, the

system exhibits strong modulation of its Q-factor, enabling saturable absorption-like behavior

without physical absorbers. Numerical simulations show that the system can maintain stable

mode-locking even under low-Q conditions in the secondary resonator, thereby broadening

the operational range for passive mode-locking techniques. The chapter highlights that the

non-Hermitian physics of coupled microresonators offers a novel and efficient route for

achieving passive mode-locking, potentially surpassing conventional methods relying on

saturable absorbers. This study lays the design guideline for experimental implementations

of integrated mode-locked lasers based on microresonator systems.

5.2 Outlook

It is widely recognized that mode-locked lasers form a fundamental technology for industrial

applications, serving as a core platform in areas such as ultrafast optics, precision metrology,

and high-speed communication. Among these lasers, microresonator-based implementations

offer a compelling balance between cost-effectiveness and high performance, making them

highly promising for real-world deployment. In this work, we have developed the key

design concepts and component technologies required to realize passive mode-locking within

microresonators. As described in Chapter 4, passive mode-locking can, in principle, be
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achieved in both single-resonator and coupled-resonator systems; however, each approach

still faces practical challenges.

In the single-resonator system, the primary obstacle is achieving a sufficiently high Q-

factor. For instance, attaching carbon nanotubes (CNTs) to an erbium-doped microresonator

could provide the necessary conditions for stable mode-locking if the Q-factor on the order of

108 were reached. However, the presence of polydimethylsiloxane (PDMS) in the fabrication

process results in significant absorption, thus preventing further increases in the Q-factor.

Graphene represents a promising alternative saturable absorber material: by employing

mechanical exfoliation and transfer methods, the resonator can be coated without introducing

PDMS-based losses. Another possibility is to increase the erbium doping concentration

to enhance the gain; however, doping beyond current levels leads to ion clustering and,

consequently, higher loss, negating the benefit of increased gain.

Our calculations indicate that in the coupled-resonator system, each resonator can achieve

the required mode-locking parameters using fabrication processes that are already well-

established. Moreover, the principle has been validated experimentally using fiber ring

resonators [157], indicating that this method is viable. This previous study draws inspiration

from our mechanism [103] and employs a fiber ring system, in which matching the cavity

lengths of the two resonators is relatively straightforward. If implemented using microres-

onator systems, this approach could enable repetition rates exceeding the GHz range and

the generation of shorter pulses. In practice, coupling two resonators requires that their

diameters match within about 30 nm, as shown in Fig. 4.10. Therefore, when we fabricate

a pair of toroids with a diameter difference within this tolerance, we can demonstrate the

proof of principle for our coupled-resonator model. A further alternative lies in erbium-

doped Si3N4 ring resonators [90, 91], which have attracted increasing attention and enable

tighter diameter control, making them a promising candidate for passive mode-locking with

a coupled-resonator system.

Looking toward the future, our research identifies several promising opportunities. One

significant avenue is expanding the wavelength coverage by employing different gain media,

which would broaden the operating range of the microresonator platform and enable its use

across various optical bands for diverse applications. Additionally, further advancements in

fabrication techniques inspired by our process development can lead to the passive generation

of Stokes solitons and the deterministic formation of soliton crystals [158] by integrating sat-

urable absorbers with microresonators. Moreover, exploring nonlinear interactions between

two-dimensional materials [93], such as graphene [76] and microresonators, offers valuable

insights into novel light-matter interactions. These developments hold substantial potential

for practical applications in photonics, including compact sensing devices such as LiDAR,
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spectroscopy, and optical coherence tomography (OCT). Furthermore, microresonator-based

frequency combs can facilitate high-speed optical communications, while their stable ultra-

short pulses can serve as seed sources for laser processing in industrial applications.

In conclusion, continued advancements in microresonator fabrication, gain medium

integration, and saturable absorber deposition will pave the way toward highly efficient,

cost-effective mode-locked lasers for industrial applications. The current research highlights

both the potential of single- and coupled-resonator systems for passive mode-locking and the

challenges that remain in realizing these approaches. By resolving the challenges associated

with Q-factor enhancement, doping concentration, and resonator diameter matching, future

devices can unlock high-repetition-rate, short-pulse performance suitable for a wide range of

technological demands.
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Appendix A

Constants, symbols, and relations

Table A.1 Lists of symbols and definitions.

Symbol Unit Description

a0 – intracavity field, |a0|
2 corresponds to the intracavity photon num-

ber

Aeff m2 effective mode area

c m/s speed of light

D1 rad·Hz cavity FSR, D1/2π = t−1
r

D2 rad·Hz second order dispersion related to β2

fceo Hz carrier envelope offset frequency

frep Hz repetition frequency

Isat W/m2 saturation intensity

L m cavity length

n – refractive index, n = 1.44 in silica

Pcav W intracavity power

PFWM
cav W threshold intracavity power of degenerate FWM

Pin W input pump power

PFWM
in W threshold input power of degenerate FWM

PSRS
in W threshold input power of SRS
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Table A.2 Lists of symbols and definitions.

Symbol Unit Description

Q – optical quality factor

Qext – external optical quality factor, Qext = ω0/γext

Qint – intrinsic optical quality factor, Qint = ω0/γint

Qtotal – total optical quality factor, Qtotal = ω0/γ = Q−1
int +Q−1

ext

sin – input field from the waveguide

tr s cavity round-trip time

Veff m3 effective mode volume

vg m/s group velocity

α0 – modulation depth

αns – non-saturable loss

β – propagation constant

β2 s2/m second order dispersion

∆ω0 rad·Hz pump detuning, ∆ω0 = ωp −ω0

η – coupling ratio, η = γext/γint

γ s−1 cavity decay rate

γext s−1 coupling rate to the external waveguide

γint s−1 intrinsic cavity decay rate

γNL W−1m−1 nonliear coefficient

λm m wavelength of m-th mode

µ – mode number, the center mode is µ = 0

ω0 rad·Hz angular frequency of pump mode

ωm rad·Hz angular frequency of m-th mode

ωp rad·Hz angular pump frequency

τp s photon lifetime, τp = γ−1

ℏ J · s/rad Planck constant



Appendix B

Abbreviations

Table B.1 Lists of important abbreviations.

Abbreviation Original expression

AOM acousto-optic modulator

ASE amplified spontaneous emission

CNT carbon nanotube

CW continuous wave

DAQ data acquisition

Er erbium

FG function generator

FSR free spectral range

FWM four wave mixing

LLE Lugiato-Lefever equation

MZI Mach-Zehnder interferometer

OSA optical spectrum analyzer

OSC oscilloscope

PD photodiode, photodetector

PWM power meter

SA saturable absorber

SEM scanning electron microscope

SESAM semiconductor saturable absorber mirror

SPM self-phase modulation

SRS stimulated Raman scattering

WGM whispering-gallery-mode

XPM cross-phase modulation
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